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ABSTRACT 


A  preliminary  stuuy  Has  been  performed  of  the  optical  qualities  and  the  behavior  of 
large  solar  concentrators  in  terrestrial  and  space  environments.  The  reflector  is 
characterized  by  relatively  large  surface,  inaccuracies  that  cause  unusual  opticalprob- 
lems.  The  meaning  of  solar  concentrator  efficiency  is  discussed.  The  effects  of 
geometric-optical  aberrations.and  of  surface  reflectance  upon  efficiency  are  investi¬ 
gated.  Concepts  and  implementations  of  methods  for  testing  the  geometric -optical 
surface  quality  are  described,  and  a  short  commentary  is  devoted  to  surface  reflect¬ 
ance  tests.  The  mathematical  bases  for  analyzing  paraboloidal  reflectors  are  devel¬ 
oped  and,  to  some  extent,  evaluated  in  appendixes.  From  the  work  completed,  in 
general,  it  is  concluded  that  geometric-optical  analysis  is  needed  to  determine  the 
effects  of  vignetting  in  the  focal  region  by  the  heat-receiver  aperture.  Digital  com¬ 
puter  programs  are  to  be  developed  for  this  analysis,  employing  good  criteria  for 
data  acceptance/rejection  or  grouping.  The  important  mathematical  functions  that 
describe  primary  geometrical  contour  errors  and  that  have  been  derived  as  part  of 
this  study  can  serve  as  the  basis  for  a  number  of  criteria  in  subsequent  studies.  The 
geometric -optical  and  geometrical  contour  descriptions  permit  the  correlation  of 
environmental  effects  and  specific  concentrator  and  heat-receiver  designs,  in  terms 
of  achievable  input  temperatures. 
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Section  I 
INTRODUCTION 


A  seriesof  studies  is  being  conducted  at  the  Lockheed  Missiles  and, Space  Company  on 
optical,  thermal,  and  structural  properties  of  materials  and  on  flight-test  system 
requirements  for  large  optical  concentrators  in  earth-orbiting  solar  turboelectric 
power  systems.  The  studies  will  be  used  to  evaluate  the  results  of  fabrication  and 
testing  programs  by  several  manufacturers  of  large  unfurlable  metal,  petal-type, 
solar  reflectors.  The  studies  are  part  of  the  Advanced  Solar  Turbo  Electric  Cdncept 
(ASTEC)  Program  directed  by  the  Air  Force  Aero  Propulsion  Laboratory,  Research 
and  Technology  Division,  Air  Force  System  Command,  Wright-Patterson  Air  Force 
Base,  Ohio. 

This  report  is  a  preliminary  study  of  the  optical  qualities  and  behavior  of  the  solar 
concentrator  in  both  ground  and  space  environments.  The  large  solar  reflector  has 
unusual  optical  problems  because  of  its  relatively  large,  allowable  surface  inaccura¬ 
cies.  Also,  the  very  large  diameters,  small  focal  ratios,  and  ultra-lightweight  mate¬ 
rials,  as  compared  with  conventional  mirrors  used  for  image  formation  or  projection, 
produce  uncommon  problems  in  testing.  These  problems  are  usually  considered  geo¬ 
metrical  optical  topics.  In  particular,  the  geometrical  optical  properties,  alignments, 
and  deformations  are  analyzed  and  discussed  from  a  general  viewpoint.  The  specific 
designs  of  solar  concentrators  are  not  treated,  since  these  are  quite  variable.  Also, 
those  factors  unique  to  specific  designs  relative  to  a  specific  environmental  parameter 
(such  as  temperature)  were  not  analyzed  at  this  time,  but  deserve  attention  and  should 
be  considered  for  analysis  at  a  later  date. 

Performance  of  a  solar  concentrator  is  the  resultant  of  overall  geometrical  optical 
accuracy,  average  surface  reflectivity,  optical-mechanical  alignment  relative  to  the 
sun  position,  and  location  (and  orientation)  of  the  heat-receiver  aperture  with  respect 
to  the  paraxial  focal  point  and  the  optical  axis.  These  parameters  have  been  evaluated 
qualitatively ,  using  approaches  conventional  to  geometrical  optics.  The  evaluation 
shows  the  need  for  detailed  studies  to  develop  design  criteria  for  system  optimization, 
and  also  to  develop  specifications  for  the  manufacturing  process  control,  and  qualifi¬ 
cation  and  acceptance  test  procedures. 

The  efficiency  of  solar  concentrators  is  discussed  in  Section  II.  The  generalized  fac¬ 
tors  of  geometrical  optical  aberrations  and  reflectance  are  discussed  in  terms  of  their 
effect  on  the  image -intensity  distribution  function  in  Sections  HI  and  V.  Section  IV  is 
concerned  with  concepts  and  implementations  of  methods  for  testing  the  geometrical 
optical  surface  quality.  Section  VI  is  a  short  commentary  on  surface  reflectance  tests. 
Section- VILconcer ns- conclusions  and  recommendations  derived,  to  date,  from  the 
studies. 
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In  the  Appendixes ,  the  mathematical  bases  for  analyzing  paraboloidal  reflectors  com¬ 
posed  of  segmental  areas  or  petals  are  developed,  and,  to  a  certain  extent,  the  derived 
results  are  numerically  evaluated. 


NOTE 

The  terms  "collector,"  "reflector,"  and  "concen¬ 
trator"  are,  in  general,  interchangeable;  they  are 
used  throughout  this  report  to  describe  the  same 
optical  device,  i.e.,  a  paraboloidal  mirror  that 
collects ,  reflects ,  and  concentrates  incident  radia¬ 
tion  to  a  focus.  To  be  sure,  none  of  these  three 
terms  describes  the  mirror  completely.  Prefer¬ 
ence  has  been  given  to  the  term  "reflector"  when 
reflectance  and  reflectivity  are  discussed,  or 
when  some  comparison  is  made  between  a  reflector 
and  a  refractor. 
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Section  II 

EFFICIENCY  OF  SOLAR  CONCENTRATORS 


The  optical  efficiency  of  a  solar  concentrator  is  an  important  index  to  evaluating  both 
material  and  fabrication  techniques.  The  usual  definition  of  optical  efficiency  (some¬ 
times  called  either  optical  gain  or  concentration  ratio)  is  ratio  of  flux  density  in  the 
image  to  the  flux  density  at  the  entrance  pupil  of  the  concentrator.  Although  the  defini¬ 
tion  is  simple,  the  measurement  of  optical  efficiency  can  be  quite  complicated.  The 
flux  density  in  the  image  may  vary  over  the  extent  of  the  image.  Furthermore,  the 
"extent"  of  real  images  is  itself  describable  only  in  terms  of  some  arbitrary  threshold 
flux  density.  Nevertheless,  optical  efficiency  is  extremely  useful  in  evaluating  the 
image-forming  capability  of  a  solar  concentrator.  The  effects  of  geometrical  aberra¬ 
tions,  reflectivity,  and  diffuse  reflectance  are  contained  in  the  single  index  -  optical 
efficiency. 

There  is,  however,  another  factor  involved  with  solar  concentrators  which  tends  to 
diminish  the  importance  of  optical  efficiency.  This  is  the  aperture  of  the  device  used 
in  the  image  region  to  transform  radiant  energy  into  stored  heat  in  some  substance. 
Usually  this  device  is  a  type  of  "black  body"  cavity  with  a  circular  aperture  nominally 
located  in  the  focal  plane  and  perpendicular  to  the  optical  axis.  The  physical  area  of 
the  heat-receiving  cavity  may  be  much  larger  than  die  image.  Hence,  the  flux  density 
in  the  image  is  no  more  significant  than  a  possible  flux  density  averaged  over  the  aper¬ 
ture  area,  assuming  total  power  to  be  the  same  for  the  real  image  as  for  a  hypothetical 
beam  passing  through  the  heat-receiver  aperture.  Geometrical  optical  aberrations 
must  be  related  to  the  heat- receiver  aperture  to  determine  permissible  tolerances;  the 
usual  result  is  to  lower  the  optical  efficiency  (as  defined  in  the  previous  paragraph). 

A  short  digression  into  the  reasons  for  selecting  a  heat-receiver  aperture  larger  than 
the  image  is  necessary  here.  It  is  easy  to  show  on  theoretical  bases  that  the  heat- 
receiver  aperture  should  match  the  image  size  and  shape.  This  condition  produces  the 
maximum  attainable  temperature  for  the  heat-storage  substance,  which  is  the  source 
of  heat  for  some  engine  producing  work.  The  work  output  is  a  function  of  the  maximum 
realizable  temperature  difference  in  the  thermodynamic  cycle.  However,  the  heat- 
receiver  aperture  cannot  usually  be  designed  to  match  the  minimum  possible  size.  The 
limiting  factors  are  summarized  as  follows: 

•  The  safe  temperature  limits  of  both  the  structure  and  the  heat-transfer  medium 
of  the  heat  receiver  must  not  be  exceeded  (as  measured  by  some  significant 
parameter  such  as  creep,  melting  point,  pressure,  etc.);  hence  the  size  of  the 
heat  receiver  tends  to  increase  to  maintain  a  safety  factor. 

•  The  pointing  errors  of  the  solar  concentrator  relative  to  the  sun,  and  the 
effect  of  this  on  image  blur  size,  tend  to  increase  the  size  of  the  heat- 
receiver  aperture  to  permit  realization  of  practical  tolerances. 
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•  The  mechanical  alignment  of  the  heat  receiver  is  a  function  of  the  assembly 
tolerances  and  expansion/bending  of  the  supporting  structures  (diie  to  environ¬ 
mental  effects  of  temperature,  temperature  cycling,  and  accelerations); 
hence,  the  size  of  the  receiver  aperture  also  tends  to  increase,  to  compensate 
for  these  effects,  as  well  as  for  the  effects  noted  above.  4^ 

The  mathematical  definition  for  the  optical  efficiency  of  a  solar  concentrator  must  be 
sufficiently  general  to  enforce  recognition  of  the  relationship  between  the  image  blur 
size  and  shape  and  the  independent  parameters  of  heat-receiver  aperture  size  and 
location.  The  following  definition  approximates  this  relationship  for  a  heat  receiver 
with  a  circular  aperture  in  the  plane  of  the  optical  image: 

E  =  Pa/P. 

where 

E  =  optical  efficiency  (dimensionless  unit)1 
P  =  total  flux  through  (displaced)  heat-receiver  aperture  (watts) 

P.  =  total  flux  incident  upon  the  reflector  (watts) 


The  total  flux  incident  upon  the  reflector  is 


P. 

1 


HA 
s  m 


=  Hs1Jir  (Rm"Rh)  (watts) 


where 

2 

H  =  incident  solar  flux  density  (solar  constant  =  0. 135  watts/cm  ) 
s 

A  =  effective  reflector  area  ( cm2 ) 
m 

t)  =  obscuration  factor  =  ratio  of  projected  illuminated  portion  of  reflector 
area  to  total  projected  area  (dimensionless  units) 

R  =  mirror  rim  radius  ( cm ) 
m 

R^  =  mirror  hub  radius  ( cm ) 


1.  This  definition  of  the  efficiency  provides  good,  unique  results  if  applied  to  actual 
measurements  in  well-aligned  systems.  However,  it  can  only  be  considered  as 
providing  approximate  results  if  applied  to  misaligned  systems,  since  the  amount 
of  misalignment  may  be  different  at  different  times  of  system  operation.  If  the 
efficiency  is  to  be  generalized  on  the  basis  of  theoretical  considerations,  a  more 
elaborate  definition  is  necessary  to  account  for  the  statistical  variation  of  intensity 
distributions  and  heat-receiver  locations. 
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To  find  an  appropriate  expression  for  the  total  flux  through  the  (somewhat  displaced) 
heat-receiver  aperture,  two  Cartesian  coordinate; systems,  (X,  Y)  and  (X*,  Y*),  can 
be  used  to  describe  the  situation  encountered  (Fig.  1).  The  (X,  Y) -system. has  its  origin 
Oc ,  defined  by  the  center  of  the  (ideal)  receiver  aperture  at  the  optical  axis  of  the 
concentrator.  The  radius  ra,  in  centimeters,  is  such  that  [ 

-  r  <  X  <  r  ;  -  r  <•  Y  <  r  ;  X2  +  Y2  ==  r 2 

a  a  a  a  a 

The  (X’ ,  Y'  )-system  has  its  origin  O,  at  the  center  of  the  actual  aperture,  the  area 
of  which  constitutes  the  usable  portionof  the  image  plane;  i.  e. ,  the  flux  failing  outside 
this  usable  portion  does  not  contribute  to  P„  .  Here,  radius  r  is  such  that 

ci  cl 

-  r<  X'  <  r  ;  -  r  sY'sr  ;  X'2  +  Y'2  <  r2 

a  a  a  a  a 

The  displacement  (misalignment)  of  the  actual  aperture's  center  from  O  is  denoted 
by  X^  and  Y^ ,  respectively.  Consequently,  measurements  of  the  intensity  distribu¬ 
tion  in  the  plane  of  the  optical  image  blur  (irradiance  distribution)  can  be  referred 
only  to  the  (X,  Y)-system.  Therefore,  the  local  distribution  to  the  total  flux,  by  usual 
definition,  is  to  be  expressed  by 


dPa  =  Hj  ( X ,  Y )  dXdY 

where 

O 

H.  (X,Y)  =  intensity  distribution  function  in  the  optical  image  blur  (watts/cm  ) 

The  image-intensity  distribution  function  is  a  complicated  resultant  of  incident  solar 
flux,  effective  area  of  concentrator,  effective  reflectance,  ordinary  geometric-optical 
aberrations,  aberrations  due  to  nonuniform  reflecting  contours  of  the  concentrator, 
and  masking  or  obscuration  by  mechanical  structures.  , 

■V- 

The  expression  for  the  total  flux  through  the  actual  aperture  is 

P a  =//  Hj ( X ,  Y ) dXdY  (watts) 


where 

Aa  =  area  of  actual  (displaced)  aperture  (cm2 ) ;  i. e. ,  |  X^  |  >  0,  }  Y^  }—  0 
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Figure  1  Typical  Image  Blur;  Geometrical  Relation  to  Heat-Receiver  Aperture 


The  image-intensity  distribution  does  not  have  a  unique  value  except  when  all  component 
effects  and  locations  are  defined.  Since  these  in  themselves  may  be  dynamical  quanti¬ 
ties,  or  at  least  may  be  variable  in  different  environments,  the  intensity  distribution 
could  be  further  generalized  by  introducing  a  time  parameter,  and  thereby  defining  an 
average  optical  efficiency.  This  generalization,  however,  would  not  be  especially 
helpful  in  early  or  preliminary  analyses. 

Also,  the  heat-receiver  aperture  is  not  necessarily  a  mechanical  part  in  a  plane;  it 
may  have  conical  walls  which  act  as  an  auxiliary  optical  device ,  to  be  considered  in 
conjunction  with  the  concentrator.  This  arrangement  has  not  been  included  in  the  pre¬ 
vious  definition  of  optical  efficiency,  because  the  image -intensity  distribution  would 
be  too  complicated  for  simple  evaluations. 

Some  idea  of  the  dynamics  of  the  image -intensity  distribution  is  conveyed  by  Table  I, 
which  shows  some  relationships  between  environment  and  optical  parameters.  The 
list  of  parameters  has  been  compiled  assuming  a  petal  type  of  solar  concentrator  and 
both  ground -test  and  space-operation  environments. 

The  generalized  parameters  of  geometrical  optical  aberrations  and  reflectivity,  as 
well  as  their  effect  on  the  image -intensity  distribution  function,  are  discussed  in  more 
detail  in  Sections  in  and  V. 
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Table  I 


MAGE-INTENSITY-DISTRIBUTION  PARAMETERS 
AS  A  FUNCTION  OF  ENVIRONMENT 


Environmental  Factors 


Dynamic 


a 


Optical  Parameter 

y  & 

r 

y  $ 

y  &y  & 

Optical  Axis  Pointing 

X 

X 

r 

X 

X 

Heat-Receiver  Aperture  Location 

X 

X 

X 

X 

Petal  Axis  Pointing 

X 

X 

X 

X 

Petal  Displacement 

X 

X 

X 

X 

Average  Petal  Contour 

X 

X 

X 

X 

Petal  Contour  Waviness 

X 

X 

X 

■ 

Reflectivity,  Specular,  Effective 

X 

X 

Reflectivity,  Diffuse,  Effective 

X 

X 

Petal  Interface  Obscurations 

X 

NOTE:  The  x  denotes  a  physical  cause  that  could  perturb  the  design 
value  of  the  optical  parameter. 
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Section  III 

GEOMETRICAL  OPTICAL  ABERRATIONS 


1.  REQUIREMENT  FOR  IMAGE -INTENSITY  DISTRIBUTIONS  _  - 

The  objective  in  describing  the  optical  quality  of  a  solar  reflector  is  to  provide  useful 
formulations  for  component  and  system  optimization.  Analytical  expressions  that  may 
be  directly  related  to  controllable  variables  but  that  do  not  indicate  the  magnitude  of 
effects  on  overall  performance  are  not  completely  useful.  This  condition  arises  com¬ 
monly  in  radiometry,  in  which  accurate  predictions  of  the  energy  transfer  efficiency 
are  desired  for  specific  optical  systems.  The  usual  ray  trace  results  show  the  geo¬ 
metrical  optical  behavior,  but  they  are  independent  of  the  system’s  transmissivity  (or 
reflectivity).  Also,  to  derive  an  intensity  distribution  for  an  extended  source  image  is 
a  difficult  task,  even  for  a  computer,  because  many  integrations  are  required.  Nor¬ 
mally,  an  intensity  distribution  is  not  used  in  computing  the  radiant  energy  transfer  of 
optical  systems.  The  radiometric  formulas  commonly  used  for  total  flux  transfer  are 
approximations,  based  on  an  average  loss  per  transmission  element  and  on  simplifying 
assumptions  as  to  aperture  distances  and  the  integrated  effect  of  aberrations. 

To  complicate  matters  for  solar  concentrators,  two  features  require  somewhat  unusual 
treatment,  relative  to  conventional  optical  practices:  (1)  the  allowable  macroscopic 
optical  surface  errors  and  large  aberrations,  due  to  ultralight  structures;  and  (2)  a 
relatively  large  exit  pupil.  The  second  feature  compensates  somewhat  for  the  first, 
although  it  is  not  clear  whether  this  compensation  is  a  major  criterion  in  the  design  of 
a  heat  receiver.  The  large  exit  pupil  is  identical  to  the  entrance  aperture  of  the  heat 
receiver,  and,  when  the  aperture  is  about  two  or  three  times  the  largest  on-axis  theo¬ 
retical  optical  blur  circle,  there  is  little  need  for  niceties  in  specifying  optical  quality. 

On  the  other  hand,  there  are  considerations  which  might  reverse  this  opinion,  such  as 
off-axis  blurs  and  multiple  images  from  misaligned  petals. 

The  requirement  for  describing  an  image -intensity  distribution  is  illustrated  by  Fig.  1. 
The  amount  of  energy  lost  to  the  heat  receiver  because  of  spill-over  of  the  image  at  the 
edge  of  the  receiver  must  be  computed.  This  condition  arises  when  the  image  location 
deviates  because  of  pointing  errors  in  the  solar  concentrator  system.  Also,  the  effect 
is  combined  with  displacement  of  the  heat-receiver  aperture.  Pointing  errors  and  dis¬ 
placements  both  are  real  possibilities,  and-practical  tolerances  must  be  assigned  to  each. 

The  illustration  shows  only  a  simple  type  of  image  aberration.  A  discussion  of  the  clas¬ 
sification  of  types  of  images  is  presented  in  succeeding  paragraphs. 
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2.  TYPES  OF  IMAGE  BLURS 

As  stated  previously,  the  petal  type  of  parabolic  reflectors,  used  for  concentrating 
solar  energy  within  a  cavity ,  can  exhibit  a  number  of  geometrical  optical  faults  and 
.errors  which  affect  its  efficiency  as  compared  to  that  of  a  theoretically  perfect  con¬ 
centrator.  Any  flux  that  falls  outside  the  heat-receiver  aperture  of  the  cavity  is  to  be 
considered  a  loss  to  the  heat  engine  system.  The  simplest  way  to  approach  an  under¬ 
standing  of  the  loss  due  to  geometrical  faults  and  errors  is  to  consider  it  as  a  resultant 
of  two  types  of  solar  images  combined  with  the  geometrical  size  and  location  of  the 
heat-receiver  aperture. 

a.  Type  I  Image 

The  Type  I-image-is  an  asymmetrical  blur  produced  by  a  combination  of  off-axis  image 
position  and  the  optical  aberrations  arising  from  the  form  of  the  reflecting  surface. 

The  image  is  relatively  small,  since  it  is  produced  by  nearly  continuous  reflecting 
elements  which  closely  approximate  the  design  form  selected  as  the  optimunTsurface  __ 
of  revolution  for  the  reflector.  The  usual  faults  causing  the  departure  from  the  ideal 
form  are  as  follows: 

•  Misalignment  errors,  such  as 

1.  Optical  axis  pointing  error,  i.e. ,  angular  deviations  of  the  mirror's 
optical  axis  from  the  line-of-sight  to  the  apparent  sun  disk's  center 

2.  Receiver  aperture  misalignment,  i.  e. ,  its  dislocation  from,  and  inclina¬ 
tion  relative  to,  the  theoretical  paraxial  focal  plane 

3.  Misalignment  of  individual  petals ,  i.e.,  their  displacements  and  inclina¬ 
tions  with  respect  to  the  theoretical  paraboloid  (and. to  each  other) 

•  Mechanical  deformation  errors ,  such  as 

1.  Improper  surface  shape  due  to  manufacturing 

2.  Bending  under  gravitational  load ,  as  in  terrestrial  conditions 

3.  Time-varying,  thermally  induced  strains  and  deformations 

Whereas  misalignment  errors  do  not  change  the  form  of  the  paraboloid  of  revolution 
or  that  of  its  particular  segments ,  mechanically  deformed  surfaces  are  to  be  described 
by  analytic  equations  with  higher-order  terms  than  those  used  for  the  description  of 
the  parabolic  reflector.  The  image  blur  is  basically  due  to  conventional  optical  aber¬ 
rations  and  may  be  determined  by  applying  the  \  analytical  ray- tracing  method  described 
in  Appendix  I.  However ,  the  apparent  blur  associated  with  Type  I  images  may  also  be 
due  to  multiple  images  formed  by  individual  elements  (such  as  petals)  which  mechani¬ 
cally  form  the  reflector  (see  Appendix  H  in  this  view).  Since  the  location  of  each 
image  is  due  to  the  coordinates  of  such  elements ,  and  since  these  elements  may  be 
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somewhat  independent  relative  to  each  other,  the  apparent  image  size  may  be  an 
enlargement  of  the  image  produced  by  a  single  element. 

b.  Type  n  Image 

The  Type  II  image  is  a  relatively  large  symmetrical  blur  produced  by  a  monuniform' 
reflecting  surface  which  must  be  described  by  equations  with  even  more  higher-order 
terms  than  those  used  for  the  description  of  deformed  (but  uniform)  surfaces.  The 
actual  surface  will  probably  have  to  be  treated  in  the  frequency  domain  by  Fourier 
analysis.  The  Type  n  image  category  includes  the  following: 

•  Wavy  surfaces 

•  Surfaces  with  sharp  inflections 

•  All  surfaces  which  scatter  radiation  in  random  directions 

The  Type  II  image  is  relatively  large,  because  it  is  produced  either  by  extreme  depart¬ 
ures  in  contour  from  the  geometrical  design  form  or  by  scattering  from  elements  not 
identified  with  the  reflecting  surface.  The  reflecting  elements  which  cause  this  effect 
are  generally  small  and  may  even  tend  toward  the  microscopic.  Waviness  may  be  due 
to  the  manufacturing  process  and  the  lightweight  structure ,  as  well  as  to  degeneration 
of  the  reflecting  thin  films.  With  respect  to  the  faults  of  waviness,  an  approximation 
of  the  effect  on  the  image  can  be  achieved  by  treating  the  individual  "wavelets"  as 
unique  optical  elements,  with  focal  lengths  and  apertures,  producing  out-of-focus  and 
displaced  images.  As  the  geometrical  period  of  the  wave  decreases  with  constant 
amplitude,  the  magnitude  of  the  out-of-focus  condition  increases.  As  a  result,  the 
solar  energy  is  spread  more  widely  relative  to  the  heat-receiver  aperture.  Other 
faults  which  may  produce  large  im?~-'  blurs  of  this  type  are  the  edges  and  mechanical 
elements  in  the  intersections  of  petals ,  although  these  faults  are  not  expected  to  be 
classified  as  major. 


Estimation  of  the  Effects  of  Type  I  Images 


The  image  of  an  off-axis  point  source  formed  by  a  paraboloidal  surface  of  revolution 
appears,  in  the  paraxial  focal  plane,  as  a  radial  line.  This  effect  is  characteristic  of 
optical  reflectors  with  astigmatism.  Additionally,  the  paraboloid  is  characterized  by 
coma,  which  is  an  aberration  arising  from  the  lack  of  constancy  in  focal  length  for 
each  annular  zone  of  the  entrance  aperture.  The  effects  of  coma  and  astigmatism 
appear  to  combine  to  produce  a  line  image  with  fairly  uniform  flux  density  gradient, 
with  the  peak  intensity  nearest  the  center  of  the  image  field. 


The  image  of  an  extended  source,  such  as  the  sun.  also  shows  a  much  higher  flux 
density  nearer  the  optical  axis  than  for  image  regions  farther  from  the  axis.  The 
shape  of  the  image  of  the  sun  appears  as  "comatic";  i.  e. .  it  appears  as  a  comet  with 
a  bright  head  near  the  axis  and  a  less  bright  tail  farther  from  the  axis. 


If  the  sun  is  considered  nearly  a  uniform  square  area  in  shape ,  and  the  edge  of  the 
solar  heat-receiver  aperture  Is  considered  approximately  a  straight  edge,  the  loss  of 
energy  as  a  function  of  angular  deviation  of  the  centroid  can  be  approximated  in  a 
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fairly  simple  manner.  Even  though  these  convenient  conditions  do  not  exist,  the 
approximations  serve  a  useful  purpose.  Using  as  the  dimensions  of  a  parabolic  reflec¬ 
tor  a  26-ft  outer  radius,  10-ft  inner  radius,  60-deg  rim  angle,  and  20-in.  heat-receiver 
diameter ,  the  estimated  effect  of  geometrical  aberrations  on  efficiency  has  been  com¬ 
puted  as  approximately  3  percent  loss  in  energy  for  2  min  of  arc  deviation  outward 
from  the  axis.  The  image  is  assumed  to  be  tangent  to  the  heat-receiver  edge  as  an 
initial  condition.  This  estimation  has  not  been  computed  with  the  desired  precision  for 
the  ASTEC  system  analysis;  however ,  the  results  are  useful  for  comparison  with  the 
effect  of  the  Type  n  image,  as  presented  next,  computed  to  the  same  degree  of  pre¬ 
cision.  In  any  complete  analysis,  the  macroscopic  deformation  of  the  surface  contour 
and  the  large  errors  in  bending  expected  from  real  solar  concentrators  (of  this  size 
and  construction)  will  probably  override  the  conventional  aberrations  of  the  parabolic 
mirror. 

d.  Estimation  of  the  Effect  of  Type  n  Images 

The  effect  of  waviness  on  the  surface  of  paraboloidal  collectors  can  be  evaluated  by 
considering  a  wavelet  as  an  image-forming  reflector  with  properties  independent  of  the 
primary  surface.  A  -vavelet  is  defined  here  as  a  half-period  element,  either  convex 
or  concave.  It  has  a  radius  of  curvature,  ‘and  hence  an  effective  focal  length,  in  the 
Gaussian  sense. 

The  wavelet  forms  a  severely  aberrated  image,  either  as  an  approximate  line  or  as  an 
approximate  circular  disk.  These  aberrations  will  complicate  the  analysis  of  the  ef¬ 
fect  of  waviness.  However,  some  idea  of  the  minimum  effect  on  efficiency  can  be  ob¬ 
tained  by  considering  the  wavelet  as  spherically  convex  or  concave,  and  the  image  as 
symmetrical  to  the  wavelet's  optical  axis.  The  reference  condition  for  evaluating  a 
wavelet  is  to  assume  that  the  source  is  on-axis  (no  pointing  error)  and  that  the 
wavelet  image  that  just  fills  the  heat-receiver  aperture  will  define  the  maximum 
acceptable  wavelet.  The  convex  wavelet  produces  the  worse  effect. 

A  convex  wavelet  with  a  half -period  of  12  in.  and  an  amplitude  of  0. 005  in.  will  form 
an  image  that  will  project  to  fill  a  20-in.  -diameter  heat  receiver,  at  the  focal  plane  of 
a  52-ft-diameter  concentrator  with  a  60-deg  rim  angle.  The  location  on  the  paraboloi¬ 
dal  surface  is  assumed  to  be  at  the  average  zonal  focal  length,  i.  e. ,  near  the  middle 
zone  of  the  collector.  To  estimate  the  effect  on  efficiency,  it  is  estimated  that  50  per¬ 
cent  of  the  energy  from  the  wavelet  would  be  lost  if  the  line-of-sight  to  the  sun  was  at 
0  deg,  48  min,  and  if  the  wavelet  image  aberrations  are  included.  For  example,  if 
3  percent  of  the  total  energy  from  the  concentrator  were  an  allowable  limit  for  the  fault 
of  waviness,  approximately  four  such  waves  per  petal  could  be  permitted  in  a  50-petal 
assembly. 

Evaluation  of  smaller  wavelets,  concave  wavelet  shapes,  and  distributions  have  been 
conducted  on  an  estimated  basis;  however,  the  numerical  results  would  not  be  helpful 
here.  With  smaller  wavelets,  a  greater  number  of  waves  can  be  tolerated  per  collec¬ 
tor  surface.  The  effect  of  concave  shapes  is  not  so  severe  as  that  from  the  convex 
shapes.  The  effect  of  waviness  as  a  function  of  radial  distribution  is  greater  severity 
at  the  outer  zones. 
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e.  Combinations  of  Types  of  Images 


The  types  of  geometrical  faults  are  evidently  different  and  independently  related;  hence, 
criteria  for  combinations  of  faults  will  have  to  be  established  on  a  statistical  basis  and 
used  in  acceptance  of  solar  concentrators.  This  method  will  require  a  computer,  pro¬ 
gram  to  determine  overall  efficiency.  The  program  should  include  both  digital  and  ana¬ 
log  computers ,  with  the  latter  developed  specifically  for  the  ASTEC  concentrator.  The 
scope  of  the  present  study  and  report  does  not  permit  more  elaboration  at  this  time. 

3.  DISCUSSION  OF  METHODS  FOR  ANALYZING  SOLAR  CONCENTRATOR  IMAGES 

The  methods  and  the  problems  of  describing  the  images  of  solar  concentrators  are 
partly  the  same  as  found  in  radiometric  (and  photometric)  optics,  and  partly  unique 
because  of  the  nature  of  the  solar  concentrator  reflecting  surfaces  and  contours.  The 
first  step  in  conventional  optics  is  to  obtain  the  equation  of  the  ideal  surface  of  revolu¬ 
tion  of  the  reflector  (and/or  refractor).  The  second  step  is  to  trace  a  number  of  rays 
reflected  (or  refracted)  from  the  surface.  The  result  of  this  second  step  is  a  geometri¬ 
cal  plot  of  rays  intercepting  some  reference  plane  perpendicular  to  the  axis  of  revolution 
(optical  axis).  This  tracing  is  commonly  called  a  spot  diagram,  and  the  reason  for  pro¬ 
ducing  it  is  generalized  as  "diagnosis. " 

Since  this  report  deals  only  with  solar  concentrators ,  the  body  of  knowledge  and  techni¬ 
ques  of  synthesis  or  manipulation  of  surface  contours  is  not  pertinent.  The  major  pro¬ 
blem  for  solar  concentrators  is  to  obtain  an  intensity  contour  for  the  image,  preferably 
in  the  form  of  a  continuous  function  of  two  variables  with  the  absolute  flux  value  norma¬ 
lized  to  unity  at  the  peak  value.  The  spot  diagram  is  purely  geometrical  and  does  not 
normally  contain  sufficient  intensity  information,  but  if  a  large  number  of  rays  are 
used,  the  spot  density  can  be  considered  an  approximation  of  the  flux  density.  This 
approach  is  questionable  if  the  reflectivity  of  the  concentrator  is  variable  over  the  re¬ 
flecting  surface. 

Theoretically ,  the  computer  program  can  be  developed  to  handle  all  variables  and  to 
generate  sufficient  data  for  deriving  the  required  intensity  distribution.  In  practice, 
however,  this  method  results  in  an  enormous  amount  of  data  and  very  lengthy  computer 
runs.  Large  memories  are  required ,  and  extensive  computer  time  is  used  to  inter¬ 
polate  and  extrapolate  from  the  spot-diagram  data.  A  better  approach  for  solar 
concentrators  appears  to  be  a  combination  of  digital-computer  ray  tracing  and  real 
three-dimensional  models. 


Several  methods  for  implementing  this  idea  are  possible,  based  on  contemporary 
techniques.  The  method  recommended  here  is  to  trace  rays  of  equal-area  annuli  of 
the  reflector  (or  annuli  with  known  area  relationships)  and  form  the  usual  spot  dia¬ 
gram.  The  spots  in  the  diagram  could  probably  be  given  equal  weight  as  intensity 
elements ,  since  preliminary  analysis  indicates  only  a  slight  edge  gradient  to  the  in¬ 
tensity  contour  of  the  image  from  an  annulus  with  uniform  surface.  The  outline  of  the 
spot  diagram  could  be  used  as  a  template,  and  the  thickness  of  the  template  would 
have  the  dimensions  of  intensity.  The  use  of  such  templates,  as  well  as  stacking 
them.to  form  three-dimensional  displays,  is  common.  Only  a  few  representative  dis¬ 
plays  would  be  needed  for  a  complete  analysis.  Further  analysis  is  required  to  relate 
this  approach  to  higher-order  reflecting  contours. 
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This  method  has  been  used  in  study  and  analysis  of  other  physical  phenomena,  such  as 
plotting  the  thermal  gradients  over  honeycomb  sections.  Once  the  three-dimensional 
model  is  achieved,  analyzing  the  effects  of  image  spill-over  relative  to  the  heat 
receiver  of  a  solar  concentrator  could  potentially  be  predicted  with  good  accuracy. 


Section  IV 

QUALIFICATION  TEST  OF  GEOMETRICAL  OPTICAL  SURFACES 


1.  GENERAL  INFORMATION 

The  problems  of  performing  geometrical  optical  tests  on  large  solar  concentrators 
are  uncommon  in  the  field  of  optics.  Special  problems  arise  because  of  the  large 
diameters  and  the  small  focal  ratios  (large  rim  angles).  The  distances  involved  in 
positioning  test  apparatus  are  large ,  and  they  complicate  the  problem  of  providing 
stable  and  accurate  reference  surfaces.  The  usual  equipment  employed  for  optical 
testing  does  not  have  the  light  intensity  needed  for  the  long  distances  involved.  The 
imperfections  of  solar  concentrator  reflecting  surfaces  are  gross  as  compared  with 
those  of  conventional  optical  collectors. 

Conventional  optical  test  methods  that  are  most  promising  have  been  reviewed  in  the 
light  of  these  problems.  Although  the  Hartman  test  appears  useful,  the  necessity  of 
moving  a  projection  collimator  to  provide  the  equivalent  rf  the  conventional  apertured 
plate  appears  difficult  to  accomplish.  The  Foucault  test  method  (including  the  Platzeck 
and  Gaviola  versions)  has  been  reviewed,  but  it  is  not  especially  useful  for  off-axis 
aberration  analysis.  Furthermore ,  the  test  results  would  be  difficult  to  use  for  rea¬ 
sonably  accurate  computations  of  either  reflector  contours  or  image  size  and  shape. 

The  wire  grid  tests  of  Ronchi  and  Jentsch  do  not  appear  to  be  useful  since  they  usually 
depend  on  a  star  source  for  producing  the  characteristic  shadow-fringe  pattern.  Such 
a  source  is  difficult  to  achieve  for  a  large  collector. 

In  addition  to  the  aforementioned  problems  involving  both  the  basic  reflector  and  the 
conventional  optical  test  methods ,  there  is  a  serious  problem  in  positioning  a  large 
and  relatively  flimsy  optical  reflecting  surface  in  a  manner  suitable  for  testing.  The 
geometrical  axes  of  the  basic  reflector  may  never  coincide  with  the  optical  test  equip¬ 
ment  structures ,  and  the  effects  of  gravity  and  the  orientation  may  both  combine  to 
produce  contours  other  than  surfaces  of  revolution. 

To  solve  these  problems ,  a  new  optical  test  system  concept  has  been  developed  by  the 
Lockheed  Missiles  &  Space  Company.  This  concept  is  described  in  sufficient  detail  to 
convey  an  understanding  of  its  major  features.  The  detailed  analysis  of  this  concept 
will  be  presented  in  later  reports. 

2.  CONVENTIONAL  OPTICAL  TEST  METHODS 

Optical  test  methods  are  grouped  in  two  general  categories:  (1)  ray -path  tests,  and 
(2)  wavefront  interference  tests.  The  wavefront  interference  tests  are  performed  for 
ultra-sensitive  measurements  on  either  optical  images  or  polished  contours,  and  they 
have  no  utility  for  testing  solar  concentrators.  The  ray -path  methods  are,  in  principle, 
satisfactory  for  measuring  the  properties  of  this  type  of  optical  reflector. 
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The  ray -path  tests  can  be  made  in  the  image  focal  plane  region  or  in  the  vicinity  of  the 
origin  of  the  radii  of  curvature  of  the  surface.  When  the  tests  are  in  the  image  region, 
the  intercept  location  of  rays  in  one  or  more  planes  of  reference  indicate  the  degree  of 
symmetry  and  convergence  achieved  by  the  reflector.  Two  well-known  and  different 
test  methods  can  be  employed  for  this  type  of  testing,  the  Foucault  knife-edge  test  and 
the  Hartman  test.  Of  these  two,  the  Hartman  test  is  more  informative  for  both  on-axis 
and  off-axis  image  testing  (the  Foucault  test  is  usually  employed  only  for  on-axis 
testing). 

The  Hartman  test  concept  is  illustrated  by  Fig.  2.  In  one  method,  individual  ray  paths 
are  defined  by  apertures  in  a  plate  with  light  from  a  distant  source.  Alternatively,  an 
individual  projector  (with  a  small  exit  pupil)  may  be  moved  in  a  plane  perpendicular  to  ^ 
the  optical  axis.  The  spots  of  light  on  a  reference  plane  in  the  image  region  can  be 
qualitatively  used  to  evaluate  the  image.  A  quantitative  measurement  of  the  image 
shape  can  be  made  if  two  or  more  reference  planes  are  used ,  and  the  ray-path  equations 
are  then  derived.  Also,  the  geometrical  contour  of  the  surface  can  be  derived  from  the 
intersection  points  of  the  incident  and  reflected  rays  and  the  angles  of  the  reflected  rays. 

The  Hartman  test  has  two  major  drawbacks:  (1)  a  large  number  of  ray  paths  must  be 
used  to  obtain  accurate  measurements;  and  (2)  the  spots  of  light  in  the  reference  planes 
must  be  identified  with  corresponding  apertures  or  positions  of  the  projection  collimator. 
These  difficulties  are  not  too  troublesome  if  the  optical  surface  under  test  is  relatively 
small,  but,  for  surfaces  as  large  as  used  for  solar  concentrators,  the  Hartman  test 
can  be  a  laborious  procedure.  Nevertheless,  it  is  the  most  useful  method  for  direct 
measurements  of  image  size  and  shape. 

An  alternative  to  optical  tests  in  the  image  region  is  to  test  in  the  region  of  the  origin 
of  the  radii  of  curvature,  as  illustrated  by  Fig.  3.  The  sketch  shows  a  variation  of  the 
Foucault  test -one  which  uses  an  aperture  plate  to  define  annular  zones.  The  knife 
edge  is  used  to  locate  the  intersection  of  the  reflected  rays  by  moving  along,  and  per¬ 
pendicular  to,  the  optical  axis.  When  the  positions  of  the  light  source,  the  annular 
apertures,  and  the  image  are  known,  the  geometrical  contour  can  be  computed. 

This  type  of  Foucault  test  has  several  drawbacks:  (1)  the  annular  apertures  cause  a 
spreading  of  the  reflected  beams ,  and  in  addition  the  center  of  the  aperture  is  difficult 
to  define  relative  to  the  true  optical  surface;  (2)  the  knife  edge  must  be  moved  in  two 
directions  to  seek  the  exact  intersection  point  of  the  reflected  rays;  and  (3)  the  light 
source  is  rarely  in  the  same  plane  as  the  knife  edge,  and  additional  mathematical  cor¬ 
rections  must  be  employed.  Nevertheless,  even  with  these  defects,  the  Foucault  test 
has  one  great  advantage ,  namely ,  that  a  single  light  source  can  be  used  with  one  annular 
zone,  full  or  partial  segment. 

Because  of  the  great  diameter  of  the  ASTEC  solar  concentrator  and  the  large  rim  angle, 
both  the  Hartman  and  the  modified  Foucault  tests  are  difficult  to  apply.  A  new  type  of 
optical  testing  which  alleviates  many  problems  of  conventional  tests  is  observed  next. 
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NOTE:  THIS  IS  A  SIMPLIFIED  REPRESENTATION  OF  PRINCIPLE,  SINCE  NO 
DEVIATIONS  OF  LIGHT  SPOTS  IN  Y-DIRECTION  ARE  ASSUMED. 


Figure  2  The  Hartman  Test 
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Figure  3  The  Foucault  Test  (One  Variation) 
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3.  OPTICAL  TEST  METHOD  RECOMMENDED  FOR  THE  ASTEC  COLLECTOR 

The  concept  of  an  optical  test  method  suitable  for  large  solar  concentrators  is  shown 
by  Fig.  4.  A  light  beam  is  directed  along  the  nominal  position  of  the  optical  axis  out¬ 
ward  from  the  apex  region  of  the  concentrator.  The  beam  is  intercepted  by  a  small 
mirror  situated  in  the  region  where  the  reflector  surface  normals  tend  to  intersect  the 
optical  axis.  The  small  mirror  is  tilted  and  translated  in  two  directions,  along  and 
perpendicular  to  the  optical  axis.  This  procedure  permits  "seeking”  one  normal  to  the 
reflector  surface ,  which  is  identified  by  a  return  of  the  light  beam  along  its  path  of 
propagation.  This  normal  also  identifies  an  annular  zone.  An  exact  determination  of 
a  normal  is  not  necessary,  as  explained  later.  Once  a  surface  is  determined,  as  shown 
by  Fig.  4 A,  the  small  mirror  is  rotated  about  the  ray  path  of  the  light  beam.  Any  lack 
of  symmetry  of  the  normals  to  the  annular  zone  is  detected  by  the  beam  reflected  off 
the  concentrator  and  deviated  from  the  reference  normal.  The  reflected  beam  is  inter¬ 
cepted  by  a  diffused  reflecting  (projection)  screen,  which  surrounds  the  small  mirror, 
as  shown  by  point  a  in  Fig.  4B. 

The  contour  of  the  concentrator  can  be  determined  from  the  set  of  data  points  produced 
by  measuring  two  positions  (along  and  lateral  to  the  light  beam  "axis")  and  two  angles 
(small  mirror  tilt  and  rotation).  Also,  the  data  can  be  used  to  directly  determine  the 
size  and  shape  of  the  image  without  first  deriving  the  geometrical  contour. 

The  disadvantages  of  the  Lockheed  test  described  above  are  several.  The  small  mirror 
must  be  moved  in  two  directions  to  closely  determine  a  suitable  reference  normal,  and 
thus  to  guarantee  that  all  beams  reflected  off  the  concentrator  will  be  intercepted  by  the 
projection  screen.  However,  it  is  sufficient  to  obtain  a  trace  of  the  intersections  of  the 
beam  with  the  screen,  as  the  small  mirror  rotates,  since  any  anomalies  show  as  unsym- 
metrical  departures  from  an  ideal  circular  pattern.  Given  a  complete  trace,  its  centroid 
can  be  determined  without  driving  the  small  mirror  to  "null"  along  one  normal. 

The  accuracy  of  the  derived  contour  or  the  image  shape  and  size  is  dependent  upon  the 
accuracy  of  the  measurements  of  the  position  of  the  spots  (or  continuous  trace)  on  the 
projection  screen.  The  screen  is  relatively  inaccessible  because  of  the  large  dimen¬ 
sions  of  the  concentrator;  hence,  highly  accurate  measurements  are  difficult. 

Lastly,  small  imperfections  in  the  reflecting  surface  of  the  concentrator  will  tend 
either  to  scatter  the  reflected  light  beams  or  to  blur  the  spots  (because  of  geometrical 
aberrations) . 

The  major  advantages  of  the  Lockheed  test  method  are:  (1)  the  reflecting  contour  tan¬ 
gent  plane  angles  can  be  measured  directly;  (2)  both  random  and  periodic  variations  in 
the  contour  can  be  identified  and  measured;  (3)  the  base  curve  and  the  translation/ 
rotation  of  geometrical  axes  can  be  determined;  (4)  the  aberrations  and  scattering  from 
small  surface  elements  can  be  detected;  and  (5)  compound  curvatures  of  the  reflecting 
surface  can  be  measured  as  easily  as  surfaces  of  revolution. 
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Section  V 

SURFACE  REFLECTANCE 


1.  GENERAL  INFORMATION 

The  effect  of  surface  reflectance  on  the  efficiency  of  a  solar  concentrator  can  be  both 
simple  and  complicated.  When  the  reflectance  is  considered  only  as  a  measure  of  the 
absorptance  (or  filtering  of  energy  potentially  available  to  the  heat  receiver),  the  max¬ 
imum  efficiency  of  the  concentrator  is  equal  to  the  reflectance.  Absorption  of  energy 
(and  hence  a  rise  in  temperature)  by  the  reflecting  surface,  however,  affects  the  geo¬ 
metrical  contour  and  positional  properties  of  the  concentrator;  this  effect  may,  in  turn, 
affect  the  overall  efficiency  in  the  same  manner  as  "normal"  optical  and  alignment 
errors.  Also,  it  is  theoretically  possible  to  reflect  energy  without  absorption,  but  the 
reflections  may  be  specular  or  diffuse. 

The  "effect"  of  specular  reflectance  is  identical  to  the  effect  of  geometrical  and  align¬ 
ment  aberrations;  hence  "specularity"  is  not  a  useful  concept  here.  The  effect  of  diffuse 
reflectance,  however,  must  be  handled  differently,  since  it  does  not  have  any  necessary 
connection  with  geometrical  properties.  In  one  sense,  the  amount  of  diffuse  reflectance 
is  a  measure  of  the  specular  reflectance,  but  the  two  are  usually  separated  because 
their  physical  causes  and  methods  of  measurement  are  different. 

An  outline  of  problem  areas  and  indication  of  the  effects  of  reflectance  on  solar  con¬ 
centrator  efficiency  is  presented  here.  Both  diffuse/  specular  and  total-energy/ spectral 
reflectance  are  discussed. 

2.  DEFINITION  OF  TERMS 

There  is  a  conspicuous  lack  of  precision  in  the  meaning  of  terms  used  to  express  the 
reflection  of  energy  per  unit  time  (flux)  from  surfaces.  This  difficulty  has  developed 
over  a  long  period  of  time  and  it  probably  will  never  be  fully  resolved  in  a  practical 
way.  It  is  important,  however,  to  present  specific  definitions  here,  primarily  to  per¬ 
mit  discussions  of  the  reflection  from  isolated  material  samples  and  from  large  optical 
solar  concentrators.  The  definitions  are  presented  after  a  brief  review  of  contemporary 
and  past  authoritative  sources  on  the  meaning  of  the  terms  reflectivity  and  reflectance. 

Various  definitions  and  discussions  of  reflectivity  and  reflectance  are  available  from 
important  reference  sources. 

Robert  I.  Sarbacher  (Encyclopedic  Dictionary  of  Electronics  and  Nuclear  Engineering, 
Prentice -Hall,  1959,  page  1103)  provides  the  following  definitions: 

•  Reflectivity.  "The  ratio  of  the  light  reflected  from  a  surface  to  the  total  inci¬ 
dent  light.  The  coefficient  (of  reflectivity)  may  refer  to  diffuse  or  to  specular 
reflection.  In  general  it  varies  with  the  angle  of  incidence  and  with  the  wave¬ 
length  of  the  light.  Syn.  Reflectance;  Reflection  Factor. " 
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•  Reflection  Factor.  "In  physical  optics,  the  ratio  of  the  total  luminous  flux 
reflected  by  a  given  surface  to  the  incident  flux1,  also  known  as  reflectance  or 
reflectivity,  q.  v. " 

The  American  Institute  of  Physics  Handbook  (McGraw-Hill,  1957,  page  6 -7). defines 
reflection  coefficient,  or  reflectivity  as  "the  ratio  of  the  light  reflected.from  a  surface 
to  the  total  incident  light.  The  coefficient  may  refer  to  diffuse  or  to  specular  reflec¬ 
tion.  In  general  it  varies  with  the  angle  of  incidence  and  with  the  wavelength  of  the 
light. » 

The  IES  Lighting  Handbook  (published  by  the  Illuminating  Engineering  Society,  3rd 
edition,  1959,'  page  3-10)  defines  reflectance  as  "the  ratio  of  the  flux  reflected  by  a 
surface  or  medium  to  the  incidence  flux.  The  quantity  reported  may  be  total  reflect¬ 
ance  ,  regular  (specular)  reflectance ,  diffuse  reflectance ,  or  spectral  reflectance* 
depending  on  the  component  measured. " 

Max  Born  and  Emil  Wolf  (Principles  of  Optics,  Pergamon  Press,  1959,  pages  40-41) 
remark: 

"The  ratios 


x  - 


|R|2  ._j  r  ”2 cos  et  |TI' 

J<»  =  |A|2  J<‘>  =  llj  cos  0j  |  A|‘ 


are  called  the  reflectivity,  and  transmissivity  respectively  ..." 


"The  amount  of  energy  in  the  primary  wave  which  is  incident  on  a  unit  area  of  the 
boundary  per  second  is 


J(i)  =  S(i)  cos  =  4^  i  A|  2  cos 

and  the  energies  of  the  reflected  and  transmitted  wave  leaving  a  unit  area  of  the  bound¬ 
ary  per  second  are  given  by  similar  expressions: 

cn 

J<r)  =  S<r>  cos  6.  =  ~|  R |2  cos  ^ 

J(t)  =  S(t)  cos  9t  =  |  T|2  cos  et  _ _ 

Arthur  C.  Hardy  and  FredJH^-PeTri!TTrHi~Principles~of  Optics,  McGraw-Hill,  1st 
edition,  1932,  page  143)  comment:  "Before  the  laws  of  radiation  can  be  discussed,  it 
will  be  necessary  to  define  certain  properties  of  radiating  surfaces.  The  emissive 
power  of  a  surface  at  a  given  temperature  will  be  defined  as  the  amount  of  energy 
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radiated  per  unit  time  per  unit  area.  This  quantity  will  be  designated  by  E  .  Con¬ 
versely,  the  amount  of  incident  radiant  energy  falling  per  unit  time  on  a  unit  area  of  a 
surface  will  be  designated  by  I .  Now,  in  general,  the  radiation  falling  on  a  body  is 
partly  reflected,  partly  transmitted,  and  partly  absorbed.  Let  it  be  supposed  that  a 
fraction  R  of  the  incident  radiation  is  reflected  and  a  fraction  A  is  absorbed.  The 
quantities  R  and  A  are  known  as  the  reflectivity  and  the  absorptivity  of  the  surface 
respectively. " 

At  another  point  (page  277),  they  observe  that  "in  general,  when  light  falls  on  a  sub¬ 
stance,  part  of  it  is  transmitted,  part  is  reflected,  and  the  remainder  is  absorbed. 

Most  substances  of  ordinary  thickness  are  so  opaque  that  the  proportion  of  the  light 
transmitted  can  be  neglected.  The  proportion  absorbed  cannot  be  measured  directly, 
but  it  can  be  inferred  from  measurements  of  the  proportion  reflected.  The  ratio  of  the 
luminous  flux  that  is  reflected  to  the  flux  that  is  incident  is  known  as  reflectance  of 
•the  substance ,  but  the  term  is  meaningless  unless  conditions  of  illumination  and  obser¬ 
vation  are  specified.  "  A  footnote  remarks,  further:  "In  lieu  of  any  general  agreement 
on  the  use  of  the  terms  'reflectivity'  and  'reflectance'  the  former  is  used  ...  in  con¬ 
nection  with  the  total  amount  of  energy  reflected  by  a  surface,  and  the  latter  ...  to 
indicate  the  amount  of  visible  light  that  is  reflected. " 

As  can  be  discerned  from  the  above ,  reflectivity  tends  to  be  associated  with  a  known 
flux  per  unit  area,  and  reflectance  tends  to  be  concerned  only  with  flux  per  se.  This 
distinction  is  in  consonance  with  other  terminology  and  quantities  in  physics.  For 
example,  emissivity  is  the  ratio  of  flux  emitted  per  unit  area  of  a  body  to  the  flux 
emitted  per  unit  area  of  a  theoretical  black  body  (perfect  emitter).  But  emittance  can 
be  simply  the  flux  from  a  body;  i.e. ,  emissivity  is  dimensionless,  and  emittance  has 
at  least  the  units  of  power.  (Neither  of  these  latter  terms  is  accepted  universally  as 
presented  here ,  so  they  are  not  presented  as  a  complete  justification  for  defining 
reflectivity  and  reflectance. )  The  practicalities  of  solar  concentrators,  and  imperfect 
optical  systems  in  general,  combined  with  these  semantic  distinctions,  demand  a  recog¬ 
nition  of  the  following  observations: 

•  Reflectance.  Reflectance  can  be  measured  from  any  combination  of  surfaces 
within  an  area,  which  can  be  irradiated  or  illuminated  with  any  pattern  of  flux 
filling  the  area.  All  that  is  required  is  a  measure  of  the  total  fluxes,  incident 
and  reflected.  This  condition  is  sufficient  for  measurement  of  the  performance 
of  an  optical  collector  or  concentrator. 

•  Reflectivity.  When  the  physical  properties  of  reflecting  surfaces  must  be 
analyzed,  then  constraints  on  angles  of  incidence,  angles  of  reflection,  sizes 
of  surface  areas,  uniformity  of  surface  area,  source  radiance,  source  size, 
source  uniformity,  instrument  aperture,  etc. ,  are  imposed  by  both  instru¬ 
mentation  and  mathematical  simplicity.  All  of  these  constraints  should  be 
included  explicitly  or  implicitly  in  the  results  of  the  analysis;  hence,  "normal¬ 
ized"  quantities  will  be  used.  Reflectivity  is  an  appropriate  term  to  indicate 
the  control  of  independent  variables  in  reflection  measurements  and  the  ratio 
of  normalized  quantities. 
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The  following  definitions  will  be  useful  for  the  problems  discussed  in  this  report: 

•  Reflectance:  the  ratio  of  total  flux  on  a  surface  to  the  total  flux  reflected 
from  the  surface 

•  Reflectivity:  the  ratio  of  uniform  flux  per  unit  area  incident  on  plane  area  to 
the  flux  per  uni4;  area  reflected  from  the  irradiated  area 

3.  DIFFUSE  AND  SPECULAR  REFLECTANCE 

The  energy  per  unit  time  or  flux  incident  on  a  solar  concentrator  is  partitioned  into 
several  forms  and  modes.  The  most  important  of  these  is  the  specular  reflectance 
mode,  in  which  the  flux  follows  a  path  of  propagation  predictable  by  geometrical  optics. 
Furthermore,  this  mode  can  be  described  only  by  assuming  relatively  large  areas  that 
are  operating  as  uniform  reflectors.  Small  areas  must  be  treated  under  diffuse 
reflectance. 

Diffuse  reflection  cannot  be  predicted  by  geometrical  contour  and  ray-path  analysis. 

It  arises  from  small  imperfections  in  surface  smoothness.  The  size  of  these  imper¬ 
fections  tends  to  be  about  a  wavelength  of  the  incident  flux;  hence ,  diffraction  optical 
effects  are  as  important  as  "ray”  optics.  The  theoretical  bases  for  describing  diffuse 
reflection  incorporate  the  same  quantities  and  relationships  used  in  treatment  of  scat¬ 
tering.  The  diffuse  reflection  generally  has  a  strong  dependence  on  wavelength,  size 
of  the  imperfections,  and  number  of  imperfections  per  unit  area  (or  volume). 

The  primary  phenomena  of  diffuse  reflection  are  angular  distributions  around  the 
nominal  direction  of  propagation  and  magnitude  of  the  relative  amount  of  flux  totally 
scattered  from  the  incident  beam.  (Polarization  of  the  scattered  flux  is  also  present, 
but  this  is  not  significant  to  solar  concentrators. )  The  measurement  of  diffuse  reflect¬ 
ance  from  large  concentrators  would  be  difficult  to  separate  from  the  geometrical 
optical  effects  of  poor  contours.  Some  idea  of  the  magnitude  of  diffuse  reflectance 
can  be  obtained  from  data  on  small  replica  mirrors  (Refs.  1  and  2).  These  mirrors 
are  made  by  a  process  very  similar  to  that  used  for  the  reflecting  surface  of  large 
rigid  petals  for  solar  concentrators. 

The  data  referenced  in  the  previous  paragraph  (Refs.  1  and  2)  indicate  that  2  to  3  per¬ 
cent  of  the  available  flux  is  scattered  into  a  "lobe"  around  the  primary  reflected  bundle. 
The  width  of  the  lobe  is  unknown,  but  the  half-power,  half -width  is  estimated  at  1  deg 
or  smaller. 

On  the  basis  of  these  estimates,  a  concentrator  with  a  60-deg  rim  angle  and  a  heat 
receiver  subtending  4. 245  deg  at  the  paraxial  focal  plane  would  not  suffer  from  diffuse 
reflectance  if  all  other  conditions  (contour,  pointing,  and  alignment)  were  perfect. 

There  is  also  a  possibility  that  the  magnitude  of  diffuse  reflectance  may  increase  with 
relatively  high  temperature  for  epoxy  substrate  mirrors.  This  effect  has  not  been 
reported  for  solar  concentrators  up  to  now. 
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4.  TOTAL  ENERGY  AND  SPECTRAL  REFLECTANCE 


The  reflecting  ability  of  thin  films  of  metal  deposited  under  high-vacuum  conditions  is 
well  known.  Various  metals -primarily  aluminum,  gold,  copper,  silver,  and  rhodium - 
are  being  used,  but  aluminum  has  the  best  performance  when  averaged  over  all  spectral 
regions.  Pure  aluminum  films  show  a  reflectivity  of  approximately  91  percent  averaged 
over  the  0. 2-  to  0. 7-p  wavelength  interval,  and  95  percent  in  the  1-  to  2-p  region 
(Ref.  3). 

The  aluminum  films  without  any  protective  coating  are  easily  scratched  and  difficult 
to  clean.  Aging  in  a  moderate  environment  produces  no  serious  loss  of  reflectivity, 
but  in  severe  environments  the  film  could  be  eroded.  For  these  reasons,  most  thin- 
film  aluminum  (Al)  mirrors  are  overcoated  with  a  protective  material,  usually  silicon 
monoxide  (SiO).  This  overcoating  reduces  reflectivity,  particularly  in  the  ultraviolet 
region  (0. 2-  to  0. 3-p  wavelength). 

The  data  on  Al  +  SiO  mirrors  show  an  average  perpendicular  reflectivity  of  88  per¬ 
cent  for  the  solar  spectrum  (Ref.  4).  This  reflectivity  is  for  thick  SiO  overcoatings 
at  thicknesses  greater  than  0. 25  p. 


The  use  of  Al  +  SiO  reflecting  surfaces  for  solar  concentrators  would  be  a  routine 
matter  in  fabrication,  but  the  large  size  of  useful  concentrators  presents  special  pro¬ 
blems.  The  vacuum  chamber  for  depositing  the  films  must  also  be  large,  and  the 
usual  techniques  such  as  glow-discharge  cleaning,  high  rate  of  evaporation  of  aluminum, 
control  of  film  thickness,  and  control  of  angle  of  evaporation  are  difficult  to  apply.  It 
is  known  (Ref.  3)  that  Al  films  thicker  than  0.  06-  to  0.  07 -p  develop  coarse  surface 
irregularities  which  scatter  light  and  decrease  spectral  reflectivity. 


Because  of  the  problems  of  fabricating  large  solar  concentrators,  it  is  best  to  consider 
measuring  reflectance  from  full-scale  structures  as  the  only  way  to  evaluate  absorption 
accurately.  Since  the  reflectance  could  easily  drop  to  about  75  percent,  the  values  of 
88  percent  stated  above  should  be  considered  the  upper  limit  for  a  perfect  mirror. 


In  addition  to  the  loss  of  energy  to  the  heat  receiver  caused  by  low  reflectance  (high 
absorptance) ,  the  absorbed  energy  potentially  can  affect  the  contour  accuracy  of  the 
reflector.  A  thermal  gradient  from  the  reflecting  surface  to  the  back  face  of  the  solar 
concentrator  will  produce  bending  or  warpage.  This  effect  has  been  noted  for  many 
years  by  astronomers  using  telescopes  that  have  large  glass  mirrors  with  reflective 
coatings.  The  effect  is  expressed  as  a  change  in  focal  length  (Ref.  5)  by  the  following: 


Af  =  -2f2  cv 


AT 

W 


where: 

f  =  focal  length 

a  =  linear  coefficient  of  expansion 
AT  =  temperature  difference 
W  =  thickness 
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The  equation  is  probably  useful  only  for  reflectors  with  homogeneous  and  uniform 
cross  sections.  Any  application  of  the  equation  to  solar  concentrators  might  be  mis¬ 
leading.  It  would  be  possible  to  show  conditions  that  would  produce  large  changes  in 
focal  length;  but  useful  concentrators  will  probably  employ  various  controls  over  the 
effective  temperature  gradient,  and  these  are  outside  the  scope  of  this  study. 

5.  SUMMARY 

The  surface  spectral  reflectance  of  solar  concentrators  will  decrease  the  optical 
efficiency  by  at  least  12  percent  for  aluminum  reflecting  films  overcoated  with  silicon 
monoxide.  Further  losses  will  be  experienced  directly  by  diffuse  reflectance,  although 
the  lack  of  data  makes  it  impossible  to  determine  a  basis  for  estimating  this  loss.  Indi¬ 
rectly,  absorption  of  energy  at  the  reflecting  face  will  cause  a  loss  of  energy  to  the  heat 
receiver  if  the  concentrator  changes  its  contour  because  of  thermal  gradients  induced 
across  its  thickness. 
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Section  VI 

SURFACE  REFLECTANCE  TESTING 


The  several  types  of  reflectance  have  been  discussed  in  Section  V.  The  different  types 
indicate  the  problems,  methods,  and  instrumentation  for  testing  full-scale  solar  con¬ 
centrators.  Only  the  most  preliminary  ideas,  problems,  and  solutions  are  presented 
here. 

Diffuse  reflectance  can  probably  be  tested  with  either  wide-spectrum  or  monochromatic 
sources,  since  it  is  closely  related  to  geometrical  optical  errors.  The  direction  of 
propagation  of  test  beams  must  be  accurately  determined  for  geometrical  tests,  and 
diffuse  reflectance  is  measurable  around  this  direction.  A  major  problem  arises  if 
the  diffuse  "component"  has  a  large  angular  extent,  thereby  requiring  a  hemispherical 
field-of-view  sensor.  This  condition  does  not  seem  to  be  a  logical  possibility  for  solar 
concentrator  surfaces.  The  measurement  data  on  diffuse-reflectance  spread  for  indi¬ 
vidual  surface  elements  can  be  used  to  predict  the  diffuse  reflectance  of  the  concentra¬ 
tor  as  a  whole. 

The  problems  are  much  more  complicated  for  spectral  and/  or  total  energy  reflect¬ 
ance.  This  type  of  reflectance  must  be  measured  as  a  function  of  the  absorption  of 
flux  in  the  incident  beam .  Both  the  absolute  magnitudes  of  the  incident  flux  and  the 
reflected  flux  are  required.  The  only  safe  way  to  make  a  test  is  to  employ  sensors 
adjacent  to  the  surface  element  under  test.  This  method  will  be  difficult  with  full- 
scale  concentrators.  It  may  not  be  too  difficult,  however,  on  tests  of  individual  petals 
of  certain  types  of  solar  concentrators ,  using  a  large  version  of  a  reflectometer.  If 
the  tests  are  to  be  used  to  evaluate  accurately  reflectance  as  a  whole ,  the  angle  of 
incidence  of  the  irradiating  beam  should  be  adjusted  to  conform  to  the  solar  angle  of 
incidence  for  the  surface  area  being  measured.  The  surface  element  test  is  recom¬ 
mended  over  the  full-area  tests  because  it  is  difficult  to  obtain  a  valid  absolute  meas¬ 
ure  of  the  total  flux  in  a  large  and  aberrated  image  of  a  reference  source  such  as  the 
sun  or  high-power  gas-discharge  arc.  The  working  distances  are  so  large,  for  solar 
concentrators ,  that  the  flux  can  be  significantly  attenuated  (by  scattering  and  absorp¬ 
tion)  by  the  intervening  atmosphere;  and  geometrical  aberrations  plus  diffuse  reflect¬ 
ance  would  complicate  matters.  To  compensate  for  this  complication  would  be 
difficult. 

Performing  the  spectral  reflectance  test  on  large  surface  areas  in  a  vacuum  would 
lessen  the  problems,  although  the  geometrical  aberrations  would  still  be  present. 

The  tests  of  the  indirect  effects  of  absorption  on  collector  efficiency  -namely ,  the 
bending  or  warpage  due  to  thermal  gradients  -will  require  full-area  tests.  Preferably, 
the  test  should  be  performed  on  the  collector  as  a  whole  to  take  advantage  of  mechani¬ 
cal  constraints  and  thermal  distortion  compensators.  Since  the  test  results  will  be 
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primarily  geometrical  data,  the  radiometric  characteristics  of  the  heaters  and  coolers 
(used  to  produce  a  thermal  gradient)  are  not  very  important.  The  importance  of  these 
characteristics  for  the  test  results  has  to  be  evaluated  more  fully,  however,  because 
the  principal  absorption  of  energy  by  the  reflective  surface  is  in  the  ultraviolet  region. 
If  the  radiant  source  emitted  sufficient  power  in  the  ultraviolet  region,  thermal  gra¬ 
dients  could  be  established  more  quickly  than  would  be  possible  with  infrared  emitters. 

In  summary,  surface  reflectance  testing  will  be  difficult  to  achieve.  First  of  all,  tests 
in  vacuum  are  mandatory.  Also,  test3  of  small  elements  (petals)  are  practical  only  if 
care  is  taken  to  simulate  the  mechanical  linkages  of  the  full-scale  concentrator.  If  the 
simulation  is  performed  with  sufficient  accuracy ,  then  tests  of  small  areas  of  reflect¬ 
ance  within  the  elements  are  satisfactory  for  both  diffuse  and  spectral  reflectance. 
Nevertheless,  tests  of  the  effects  of  both  cross-sectional  and  circumferential  thermal 
gradients  will  be  meaningful  only  if  the  entire  surface  of  an  element  is  used. 
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Section  VII 
CONCLUSIONS 


1.  GENERAL  CONCLUSIONS 

The  primary  objective  of  this  study  was  to  assess  the  relationship  of  geometrical  opti¬ 
cal  characteristics  to  solar  concentrator  performance  and  component  specifications. 

The  most  general  conclusion  derived  as  a  result  of  the  work  completed  was  that  geo¬ 
metrical  optical  analysis  is  needed  to  determine  the  effects  of  vignetting  in  the  focal 
region  by  the  heat-receiver  aperture.  The  geometrical  extent  of  the  solar  flux  in  the 
focal  region  is  relatively  large,  and  spillage  outside  the  heat-receiver  aperture  may 
be  a  significant  cause  for  a  loss  of  overall  system  efficiency.  The  derivation  of  numer¬ 
ical  estimates  of  the  energy  lost  to  the  heat  receiver  due  to  geometrical  contour  errors 
was  outside  the  scope  of  the  study.  That  problem  has  to  be  analyzed  using  the  typical 
errors  of  real  solar  concentrator  contours. 

The  nature,  magnitude,  and  statistics  of  the  typical  errors  have  yet  to  be  determined, 
especially  for  the  new  designs  of  solar  concentrators  being  considered  for  the  ASTEC 
Program.  Digital  computer  programs  are  needed  for  the  analysis,  and  these  will 
probably  have  to  be  developed  after  achieving  a  good  understanding  of  the  contour 
errors.  It  is  expected,  on  the  basis  of  past  experience,  that  the  capacity  of  large  com¬ 
puters  will  become  overloaded  by  the  large  amount  of  data  involved,  if  simple  curve¬ 
fitting  routines  are  used:  hence,  good  criteria  for  data  acceptance/rejection  or  group¬ 
ing  will  have  to  be  employed.  The  important  mathematical  functions  for  describing 
primary  geometrical  contour  errors  have  been  derived  as  part  of  this  study.  These 
can  serve  as  the  basis  for  a  number  of  criteria  in  subsequent  studies. 

2.  FURTHER  CONCLUSIONS 

a.  Optical  Aberrations 

Conventional  geometrical  optical  aberrations  of  a  solar  concentrator  are  very  important 
in  analyzing  the  relationships  of  pointing  and  misalignment  errors  to  contour  errors. 
Typical  values  used  in  the  study  were:  a  52-ft-diam.  paraboloidal  reflector  with  a  60- 
deg  rim  angle,  a  20-in.  -diam.  heat  receiver,  a  12-min-of-arc  pointing  error,  and  a 
5-min-of-arc  misalignment  of  the  center  of  the  heat-receiver  aperture.  On  the  basis 
of  these  conditions,  approximately  an  8-min-of-arc  average  deviation  in  the  surface 
normals  from  the  ideal  can  be  allowed.  This  is  considered  to  be  a  very  tight  tolerance. 

b.  Deformation  Errors 

Geometrical  optical  errors  due  to  contour  imperfections  are  both  static  and  dynamic. 
The  static  (or  systematic)  errors  arise  from  limitations  in  manufacturing  tooling  and 
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in  process  control.  The  dynamic  errors  are  due  to  effects  of  the  environment  encoun¬ 
tered  in  earth  orbits.  Also,  the  environmental  differences  between  terrestrial  and 
orbital  locations  can  produce  apparent  errors  of  contour,  and  these  can  be  called 
dynamic  in  a  limited  sense.  The  major  problem  is  the  mechanical  distortion  and  warp - 
age  induced  by  thermal  gradients.  The  magnitude  of  this  effect  on  the  ASTEC  concen¬ 
trators  has  not  been  evaluated  in  this  study. 

c.  Optical  Qualities 

The  description  of  geometrical  optical  qualities  cannot  be  divorced  from  the  properly 
of  diffuse  reflectance.  The  only  meaningful  way  to  characterize  the  geometrical  opti¬ 
cal  performance  is  by  intensity  distributions  in  the  focal  region.  If  the  diffuse  reflect¬ 
ance  of  local  areas  in  the  reflector,  such  as  defined  by  annular  zones,  varies  from 
other  areas,  the  intensity  distribution  in  the  focal  region  may  be  significantly  different 
from  that  of  the  ideal.  It  is  expected  that  the  diffuse  reflectance  will  have  a  strong 
dependence  on  angle  (i.e. ,  be  non- Lambertian),  and  this  dependence  will  affect  the 
allowable  tolerances  on  the  combined  pointing-angle  and  contour  errors.  The  magni¬ 
tude  of  this  effect  has  not  been  evaluated  since  it  appears  to  depend  on  specific  surface 
degradation  caused  by  temperature  and  duration  of  exposure.  Also,  variations  in 
spectral  reflectance  will  affect  the  intensity  distribution,  but  probably  only  to  a  small 
degree. 

d.  Testing  Optical  Qualities 

The  best  method  for  testing  geometrical  optical  qualities  appears  to  be  the  measure¬ 
ment  of  deviations  in  the  angle  of  the  normals  to  the  reflecting  surface.  The  meas¬ 
urements  should  be  made  for  large  numbers  of  zones  and  of  elemental  areas  within 
these  zones. 

e.  Design  Concept 

A  design  concept  for  a  geometrical  optical  test  system  was  evolved  for  the  ASTEC 
solar  concentrator.  The  system  employs  a.  laser  beam  reflecting  off  a  servo-driven, 
gimballed  mirror,  with  the  mirror  in  the  region  of  the  axial  intercept  of  the  surface 
normals.  The  test  system  instrumentation  is  feasible,  as  demonstrated  by  past  devel¬ 
opments.  The  design  concept  offers  the  advantage  of  providing  the  data  required  for 
derivation  by  digital  computer  of  the  geometrical  contours  of  the  concentrator. 

f.  Utility  of  Descriptions 

The  utility  of  geometrical  optical  and  geometrical  contour  descriptions  is  that  they 
permit  correlation  of  environmental  effects  and  specific  designs  of  concentrators  and 
heat  receivers,  in  terms  of  achievable  input  temperatures.  (The  possibility  arises 
that  an  oblate  spheroid  may  be  a  better  contour  than  a  perfect  paraboloid  for  the  ther¬ 
mal  cycling  conditions  encountered  in  orbit. ) 

In  summary,  the  solar  concentrator  is  an  optical-mechanical  device;  and  testing  and 
evaluation,  to  determine  upper  limits  of  performance,  must  necessarily  include  geo¬ 
metrical  optical  characterizations. 
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Appendix  I 

IMAGE  FORMATION  BY  A  PARABOLOIDAL  REFLECTOR 

1.  INTRODUCTION 

A  paraboloid  of  revolution  is  very  well  defined  mathematically.  Its  basic  properties 
are  characterized  by  the  symmetry  axis  and  its  paraxial  focal  point.  If  a  paraboloid 
is  used  as  an  image-forming,  reflective  optical  system,  the  image  quality  is  depen¬ 
dent  on  the  size  and  the  location  of  the  object  with  respect  to  the  optical  axis  (axis  of 
rotational  symmetry),  and  on  the  paraxial  focal  length  as  a  function  of  the  mirror’s 
diameter  and  rim  angle.  Even  though  the  paraboloid  may  be  perfect,  the  image  of  an 
object  subtending  a  large  angle  is  poorer  in  quality  at  the  edges  of  the  paraboloid  than 
at  the  regions  nearer  the  optical  axis. 

Analyzing  the  aberrations  of  the  image  of  an  off-axis  point  object  is  generally  con¬ 
sidered  the  best  way  to  characterize  the  image  quality  in  the  sense  of  geometrical 
optics.  The  methods  of  describing  the  aberrations  may  vary  with  different  mathe¬ 
matical  treatments,  but  they  are.  in  principle,  based  on  or  related  to  three- 
dimensional  analytical  geometry  formulations.  For  th:s  reason,  the  derivation  of  the 
common  algebraic  equations  expressing  the  relationship  of  optical  parameters  to 
useful  coordinate  systems  is  presented  in  this  appendix. 

2.  GENERAL  REPRESENTATION 
a.  The  Paraboloid  of  Revolution 

The  image  formation  by  a  paraboloidal  reflector  for  off-axis  objects  at  infinity  (point 
sources)  is  treated  by  an  analytical  ray-tracing  method. 

The  equation  of  the  paraboloid  of  revolution,  basically,  may  be  written  in  the  form 

X2  +  Y2  ---  4f  ( Z  +  f)  (1) 

where  f  denotes  the  paraxial  focal  length  and  the  Cartesian  coordinates  (X .  Y .  Z ) 
refer  to  a  system  with  origin  at  the  paraxial  focal  point.  The  Z-axis  coincides  with 
the  optical  axis;  its  positive  branch  points  from  the  focal  point  in  direction  to  the 
object  plane  at  inifinity.  The  vertex  is  defined  by  Zy  =  -f  ,  Xy  =  Yy  =  0  .  Usual 
polar  coordinates  may  be  introduced  by 

X  =  R  cos  <p  ;  Y  =  R  sin  <p 

R  =  r  sin  0  ;  Z  =  -r  cos  0 
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where 


r  =  distance  between  the  paraxial  focal  point  and  a  specific  annular  zone  of 
light-ray  incidence  at  the  paraboloidal  surface 
R  =  radius  of  the  zone 

0  =  zone  angle  between  r  and  the  optical  axis  (Fig.  5) 

Solving  Eq.  (1)  in  terms  of  0  produces 


r 


2f 

1  +  cos  0 


f 

cos2  0/2 


(2) 


For  the  solar  energy  reflector  under  consideration,  the  mirror  is  assumed  to  be 
characterized  by  a  fixed  diameter,  Dm  ,  whereas  its  rim  angle,  0m  ,  may  be 
changeable.  Thus,  the  paraxial  focal  length  becomes  a  function  of  these  two  param¬ 
eters;  i.e. ,  one  has 


i 

/ 


is  a  •  V/VO  V 

f  =  cotan  0  /2  =  —r - : — - — 

4  m  4  sm  0 

m 


(3) 


Sometimes  it  may  be  more  advantageous  to  describe  the  paraboloidal  surface  in  another 
coordinate  system.  For  example,  a  Cartesian  coordinate  system  (x,y,z)  with  origin 
at  the  apex  may  be  used,  yielding 


x2  +  y2  =  4fz(2)  (4) 

The  tangential  plane  at  a  specific  point  Pi  (Xj  ,  Yj  ,  Zi)  on  the  paraboloidal  surface 
is  known  to  be  described  by 

X.(X  -  X.)  +  Y.(Y  -  Y.)  -  2f(Z  -  Z.)  =  0  (5) 


resulting  in  the  direction  cosines 


cos «  = 

n 


X. 

i 


Vxf 


2  +  Y2  +  4^ 

l 


;  cos  0n  = 


Y. 

l 


Vx2  +  Y2  +  4^ 


;cosyn  = 


2f 


i 


xf  +  Y2  +  4f2 


(6) 


2.  For  greater  generality ,  it  may  also  be  convenient  to  use  nondimensional  representa¬ 
tions  by  referring  the  Cartesian  coordinates  and  length  units  either  to  the  rim  radius, 
Rm  =  Dm/2  ,  or  to  the  rim  diameter  of  the  mirror,  and  to  express  the  dimension¬ 
less  focal  length  by  the  rim  angle  0m  . 
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where 


r  =  distance  between  the  paraxial  focal  point  and  a  specific  annular  zone  of 
light-ray  incidence  at  the  paraboloidal  surface 
R  =  radius  of  the  zone 

0  =  zone  angle  between  r  and  the  optical  axis  (Fig.  5) 

Solving  Eq.  (1)  in  terms  of  0  produces 


r 


2f 

1  +  cos  e 


_f 

2 


cos 


e/2 


(2) 


For  the  solar  energy  reflector  under  consideration,  the  mirror  is  assumed  to  be 
characterized  by  a  fixed  diameter,  Dm  ,  whereas  its  rim  angle,  0m  ,  may  be 
changeable.  Thus,  the  paraxial  focal  length  becomes  a  function  of  these  two  param¬ 
eters;  i.e. ,  one  has 


f  =  cotan  9  /2 
4  m 


1  +  cos  0 
_ _m 

sin  0w 
m 


(3) 


Sometimes  it  may  be  more  advantageous  to  describe  the  paraboloidal  surface  in  another 
coordinate  system.  For  example,  a  Cartesian  coordinate  system  (x,y  ,z)  with  origin 
at  the  apex  may  be  used,  yielding 


x2  +  y2  =  4fz^  (4) 

The  tangential  plane  at  a  specific  point  P*  (X*  ,  Yj  ,  Zj)  on  the  paraboloidal  surface 
is  known  to  be  described  by 

X.  (X  -  X.)  +  Y.(Y  -  Y.)  -  2f(Z  -  Z.)  =  0  (5) 


resulting  in  the  direction  cosines 
X. 


Y: 


cos  cv  = 
n 


'  Vxf 


>  COS  0n  = 


2  +  Y2  +  412 


Vx2  +  Y2  +  4^ 


;  cos  yn  = 


2f 


Vx2  +  Y2  +  4^ 


(6) 


2.  For  greater  generality ,  it  may  also  be  convenient  to  use  nondimensional  representa¬ 
tions  by  referring  the  Cartesian  coordinates  and  length  units  either  to  the  rim  radius, 
Rm  “  Dm/2  .  or  to  the  rim  diameter  of  the  mirror,  and  to  express  the  dimension¬ 
less  focal  length  by  the  rim  angle  0m  . 
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POINT  OF  INCIDENCE 

VERTEX  OF  PARABOLOID 

PARAXIAL  FOCAL  POINT 

INTERSECTION  POINT  OF  SURFACE  NORMAL 
WITH  OPTICAL  AXIS 

CARTESIAN  COORDINATES  IN  SYSTEM  WITH 
ORIGIN  AT  THE  APEX 


0  =  ZONE  ANGLE  (SUBSCRIPTS  I  and  m  REFER 
TO  INCIDENCE  ZONE  AND  RIM, 
RESPECTIVELY ) 

r ,  0  =  POLAR  COORDINATES  (ORIGIN  AT  F ) 


Figure  5  Image  Formation  by  a  Paraboloid  of  Revolution, 
Tangential  Plane  Representation  of  Geometrical  Configuration  Encountered 
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Thus,  the  normal  at  P[  is  given  by 


x  -  x.  y  -  y.  z  -  z. 

- i  =  - !  =  - -  (7) 

cos  a  cos  B  cos  y  '  ' 

n  *n  n 

i.  e.  as  intersection  of  the  two  planes 

(X  -  X.)  cos  y  -  (Z  -  Z.)  cos  a  =  0 

(8) 

(Y  -  Y^  cos  yn  -  (Z  -  Z.)  cos  pn  -  0 

For  later  applications,  the  intersection  point  N  of  the  normal  with  the  optical  axis, 

X  =  Y  =  0  ,  is  of  special  interest.  It  is  determined  by 

cos  yn  2f 

XM  =  Ym  =  0  ;  Z„  =  Z.  -  X. - -  =  Z.  +  2f  =  r— ^ - r-  =  r. 

N  N  N  ii  cos  a  i  1  +  cos  0.  i 

n  l 

(see  Fig.  6).  The  length  of  the  normal  between  the  two  points  Pi  and  N  may  also  be 
of  interest  (see  Fig.  7): 

=  ZN  ~  Zi  =  2f 
LN  cos  0^/2  cos  0./2 

The  paraxial  focal  point  F  is  only  one  specific  point  characterizing  the  properties  of 
a  paraboloidal  reflector.  A  deeper  insight  is  obtained  by  determining  the  Gaussian 
focal  surface,  a  surface  of  revolution  defined  by  the  principles  of  geometrical  optics 
as  locus  of  all  points  at  half  the  distances  between  the  points  Pj  on  the  paraboloid 
and  their  correlated  centers  of  curvature.  One  easily  obtains  the  coordinates  of  the 
centers  of  curvature: 


Rc  "  3V  4f  :  ZC  = 

as  well  as  those  of  the  corresponding  points  on  the  Gaussian  focal  surface: 


Rg  =  2(Hi+f)  :  Z0  -  4(^-2?) 


The  cross-sections  through  the  two  surfaces  (Figure  8)  show  that  the  Gaussian  focal  sur¬ 
face,  especially  for  larger  zone  angles,  deviates  significantly  from  the  paraxial  focal 
piane .  . , 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


Figure  7  Length  of  Paraboloidal  Surface 
Normal  Between  Surface  and  Intersect  with  Optical  Axis,  rN  =  2f/cos  (0/2) 
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Figure  8  Evolute  and  Gaussian  Focal  Surface  of  a  Paraboloid  of  Revolution 
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This  fact  may  be  considered  an  indication  of  the  unusual  problems  encountered  in  the 
image  formation  by  large  rim-angle  paraboloidal  mirrors.  If  referred  to  origins  at 
the  peak  C  of  the  evolute  and  the  branch  intersect  G  of  the  Gaussian  focal  surface, 
the  two  surfaces  of  revolution  are  described,  in  polar  coordinates,  by 


PC 


.  2 

sin  0C 
3~ 

cos  Oq 


:  -  7r/2  <  0CS  ?r/2 


and 


PG  -  2f 


2  .  .  .  2  A 
cos  9q  -  4  sin  Oq 

cos  0_ 


;  -  ;r/2  S  0Q  <  tt/2 


respectively,  where  Oc  is  the  angle  between  pq  and  the  positiveZ-axis,  and  Oq  is 
the  angle  between  pQ  and  the  negative  Z-axis.  In  the  original  system,  the  points  C 
and  G  have  the  coordinates  Xq  =  Yq  =  0 ,  Zq  =  2f  and  Xq  =  Yq  =  0  ,  Zq  =  3f  . 
respectively. 

b.  Principles  of  Ray  Tracing 

The  principal  ray  in  a  parallel  beam  of  incident  light  (corresponding  to  a  point  source 
at  infinity)  may  be  assumed,  without  restricting  the  generality,  to  be  located  in  the 
specific  meridional  plane  defined  by  the  X-  and  Z-axes.  and  to  be  inclined  by  an 
angle  e  with  respect  to  the  optical  axis.  To  characterize  a  particular  ray  of  the  bundle, 
the  parameters  Ri  and  <t> j.  as  well  as  may  be  introduced,  where  is  the  radial 
distance  of  the  zone  considered  from  the  optical  axis,  <p±  is  the  angle  made  by  the 
radius  vector  R*  with  the  X-axis,  and  0\,  is  the  zone  angle. 


Then,  the  incident  ray  is  defined  as  the  intersection  line  ox  the  two  planes: 

(X  -  X. )  cos  c  -  ( Z  -  Z. )  sin  e  =  0 

Y  -  Y.  =  0 

l 


(11) 


Both  the  incident  and  the  reflected  rays  make  the  angle  a  with  the  normal  to  the 
reflecting  surface  at  the  incidence  point  Pj  ;  the  angle  between  them  is  2 a  .  To 
determine  the  angle  «  .  the  following  relations  may  be  used: 

X.  -  R.  cos  d).  .  Y.  =  R.  sin  0.  .  2f  -  ZKI  -  Z.  =  R.  cotan  0./2 

i  l  l  l  Nil  l 
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This  results  in  the  direction  cosines  of  the  normal 


cos  a  =  cos  <b.  sin  0./2  ,  cos  ft  =  sin  <j>.  sin  0./2  ,  cosy  -  -  cos  0./2 
nil  nil  n  1 

On  the  other  hand,  the  direction  cosines  of  the  incident  ray  are 

cos  a.  =  sin  e  ,  cos  0.  =  0  ,  cos  y^  =  cos  e 

Hence,  the  angle  a  is  determined  by 

cos  a  =  cos  Q!n  cos  cv.  +  cos  y^  cos  y.  =  cos  </>.( sin  0./2)sin  e  -(cos  oV2)cos  ( 


With  the  reflected  ray  now  denoted  by  the  subscript  0  ,  its  direction  cosines  (coscv  , 
cos  /3q  .  cos  yQ )  are  to  be  found  by  solving  the  triple  equation  ° 

cos  cv  cos  cv  +  cos  ft  cos  ft  +  cos  y  cos  y  =  cos  a 
n  o  '  n  '  o  n  o 


cos  a.  cos  cv 
l  o 

2 

cos  a 


+  cos  ft 


cos  y.  cos  yQ  -  cos  2cv 
2 

f  cos  y  =1 


The  solution  is  obtained  in  the  form 


C0S  %  1  C1  cos  ^o  +  C2 


cos  y 


o  I  C3cos/?o  -  C4 


where 


CQ  -  cos  cos  y.  -  cos  yn  cos  fy.  -  cos  (^(sin  0-/2^ cos  e  +  (cos  0-J 2^s 

C..  r  cos  ft  cosy.  sin  0.  (sin  0./2)  cos  r 

Cg  ~  cos  y.  cos  «  -  cos  yn  cos  2cv  -  cos  e  cos  cv  +  (cos  0./2jcos  2cv 

C„  =  cos  ft  cos  cv.  =  sin  d>.  (sin  0./2)sin  e  -  C,  tan  e 

J  n  1  1  \  1  /  1 


v  \  /  -  .  \ 

C.  -  coscv.  coscv  -  cos  cv  cos  2cv  ~  sine  cos  a  -  cos  </>.  (sin  0 ./ 

4  1  n  1  \  1  / 


cos  2cv 


„  _  C1  C2  *  C3  C4  . 

°  "  c2  +  c2  c2 

V  S  S> 


(C1  +  C3  +  Co)  (° 


2  +  C4  -  Co) 


(C1  C2  +  Cg  C4) 


3.  For  uniqueness  of  the  solution,  one  has  to  ask  for 


(C'i  ■'  Ci  "  Co)  (°2  +  C4  -  C»)  '  <C1 


C2+  C3C4> 
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The  reflected  ray,  then,  is  determined  by  the  two  planes 


(X  -  X. )  cos  y  -  ( Z  -  Z. )  cos  a  =  0 
1  o-„  .  1  o 

(Y  -  Y. )  cos  y  -  (2  -  Z. )  cos  B  =  0 

'  1#  o'  l'  p0 

and  its  intersection  point  with  the  paraxial  focal  plane  is  given  by 

cos  cv  /  cos  a  \ 

X„  =  X.  -  Z.  - -  =  r.  (cos  +  cotan  0.  - -  1 

F  i  i  cos  yQ  i  \  vi  i  cos  yq  J 


cos  fs 

Y-,  -  Y.  -  Z.  - 5 

F  i  i  cos  y 


/  cos  fi 

R.  | sin  cfr.  +  cotan  0. - - 

i  i  m  i  cos  y 


Zp  =  0 


3.  PARTICULAR  CASES  OF  INTEREST 


Point  Source  at  Infinit\ 


Of  particular  interest  are  those  pairs  of  parallel  rays  whose  incidence  points  on  the 
paraboloidal  mirror  are  diametrically  located  relative  to  the  optical  axis.  The  most 
significant  pairs,  obviously,  are  the  following: 

Case  1.  Tangential  rays,  defined  by  <£>[  =  0  and  (p[  ~  n 
Case  2.  Sagittal  rays,  defined  by  c*>i  =  7r/2  and  <*4  =  3V2 

In  the  case  of  tangential  ray  pairs,  the  coordinate  Y  vanishes,  and  the  incident 
ray,  the  surface  normal,  and  the  reflected  ray  all  lie  in  the  meridional  plane  defined 
above  as  the  (X ,  Z  )-plane.  This  means  that 


and 


X  =  ±  X.  =  ±  R. 

1  1 

Y  Y.  =  0 

i 


cos  B.  -  cos  B  =  cos  B  -  0 
'1  '  n  '0 

The  case  is  most  simply  treated  by  purely  geometrical  considerations  derived  from 
Fig.  1-5.  One  obtains  very  easily 
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(t>i  =  0 


i 


resulting  in 


cos  a 

0 

sin  (0.  +  e ) 

sin  (0.  -  e ) 

cos  yQ 

-cos  {0.  +  e  ) 

cos  (0.  -  e ) 

R.  sin  e 

X,.  =  - 

1 

for  0.  =  0  ^ 

F 

sin  cos  (0i  +  e  ) 

R.  sin  e 

XF  =  - 

l 

sin  0i  cos  (0.  -  e  ) 

for  0.  =  7T  ► 

yf  =  0 


ZF  =  0 


>  (14) 


In  the  case  of  sagittal  ray  pairs,  the  coordinate  X  is  vanishing.  Although  one  has 
again 


one  obtains 


cos  0.  =  0 


cos  3  *  cos  3*0 

Kn  Ko 


This  results  in 


.je- 

ii 

CO 

0.  =  3tt/2  (5) 

cos  a 

-sin  c 

-sin  c 

0 

cos  3 
'  0 

-sin  0.  cos  c 

+sin  0i  cos  e 

cos  y 

cos  0.  COS  £ 

cos  6 .  cos  £ 

0 

1 

4.  Note  that,  always  by  definition,  0j  g  0  . 

5.  It  can  be  shown  that,  in  this  special  case,  (c^  +  +  C^j  (p2  +  -  cfy 

=  (Cj  C2  +  Cg  C4) 
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It  follows  that 


R, 


XF  = 


— r-r-  tan  e  for  both  <i>.  =  n/2  and  d>.  =  3^/2 
sin  0.  1  1 


YF  =  0 


zF  =  0 


(15) 


From  the  fact  that,  for  both  tangential  and  sagittal  ray  pairs,  the  image  points  lie  on  a 
straight  line,  it  can  be  concluded  that  the  image  of  a  point  source  at  infinity  in  off- 
axis  position  is  represented  by  a  straight  line  in  the  paraxial  focal  plane .($)  This  is 
primarily  characteristic  of  optical  reflectors  with  astigmatism.  On  the  other  hand, 
the  image  formation  by  a  paraboloid  of  revolution  is  additionally  characterized  by 
coma,  an  aberration  arising  from  the  inconstancy  of  the  actual  focal  length  (in  the 
sense  of  Gaussian  optics)  for  every  annular  zone  of  the  entrance  pupil,  as  shown  in 
Figure  8.  The  effects  of  astigmatism  and  coma,  apparently,  combine  to  produce  the 
straight- line  image  in  the  paraxial  focal  plane.  Thus,  diametrically  located  rays 
emerging  from  a  point  source  at  infinity  can  be  considered  to  define  the  performance 
of  a  paraboloidal  reflector  in  terms  of  the  overall  geometrical -optical  aberration 
effects  encountered  (coma,  astigmatism.,,  curvature  of  field). 

Pairs  of  diametrically  located,  parallel  rays,  of  course,  can  very  well  be  used  to 
determine  actual  focal  points  and  actual  focal  surfaces.  For  tangential  ray  pairs, 
as  defined  above  for  <p[  =  0  and  <p^  -  n  ,  one  obtains  a  specific  ci’oss-section 
through  the  actual  focal  surface  for  positive  and  negative  values  of  the  inclination 
angle,  c  .  The  curved  line,  shown  in  Figure  9,  is  determined  by 


X.  =  -  R.  Sm  „2-C  =  -2f  tan  0./2  s.m  2c 
f  i  sin  20.  l  sm  20. 


Yf  =  0 


Z  =  -R.  ^  -  -  2f  tan  0  ./2  1  ~.  2c 

1  l  sin  20.  \  sin  20. 


(16) 


It  may  be  seen  seen  that  this  cross-sectional  line  does  not  deviate  appreciably  from  a 
straight  line  through  the  focus,  defined  by  an  angular  deviation  e  from  the  paraxial 
focal  plane.  Hence,  if  c  is  a  small  quantity,  the  deviation  of  the  meridional  cross- 
section  through  the  actual  focal  surface  from  the  paraxial  focal  plane  is  nut  essential. 


6.  To  prove  this  statement,  it  may  be  sufficient  to  treat  intermediate  cases  of  sym¬ 
metrically  located  rays,  like  those  defined  by  -  ±7r/4  and  =  ±37t/4  . 
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PARAXIAL 
FOCAL  PLANE 


Figure  9  Meridional  Cross-Section  Through  Actual  Focal  Surface, 
as  Defined  by  Pairs  of  Parallel  Tangential  Rays 
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For  relatively  small  inclination  angles  e  of  the  incident  ray  with  respect  to  the  optical 
axis,  Figs.  10  and  11  show  the  dependence  of  the  dimensionless  quantities  X^/f  and 
Zj/f,  respectively,  from  e  for  a  few  zone  angles  6  as  parameters. 

From  the  particular  rays  obtained  by  reflection  of  the  corresponding  rays  within  a 
parallel  bundle  of  light,  incident  at  an  angle  e  relative  to  the  optical  axis,  the  merid¬ 
ional  cross-section  through  the  paraboloidal  catacaustic  can  also  be  found,  as  shown 
partially  in  Fig.  12. 

b.  Light  Cone  From  a  Circular  Source 

It  is  assumed  that  a  conical  pencil  of  light  rays  with  circular  cross-section  relative  to 
its  symmetry  axis  is  incident  upon  a  paraboloid  o  f  revolution  in  such  a  manner  that 
the  cone  axis  is  parallel  to  the  optical  axis  of  the  mirror.  The  angular  subtense  may  be 
denoted  by  2e  .  The  incidence  point  (cone  vertex)  may  be  chosen  as  (X^ ,  0 ,  Z. ). 

Then,  from  Eq.  (14),  one  obtains  immediately  the  intersection  points  of  the  reflected 
cone-mantle  rays  of  the  meridional  plane  with  the  paraxial  focal  plane: 


FI, 2 


R.  sin  e 

- 1 -  . 

sin  0 .  cos  (0.  +  c  )  ’  i 


X.  ;  e  £  0  {7) 


YF1.2  =  0 


ZF1,2  =  0 


(17) 


For  the  reflected  cone-mantle  rays  of  the  plane  perpendicular  to  the  meridional  plane, 
one  has,  after  appropriate  modification,  from  Eq.  (15). 


X 


F3,4 


=  0 


R. 


F3,4  sin  0 


tan  e  :  R.  = 


X.  .  e  $  0 


F3.4 


=  0 


\  (18) 


As  the  reflected  light  cone  also  has  a  circular  cross-section  (and  angular  subtense  2e), 
its  intersection  with  the  paraxial  focal  plane,  being  inclined  relative  to  the  cone's  sym¬ 
metry  axis,  is  an  ellipse;  i.  e.  ,  the  image  of  a  circular  source  produced,  in  any  plane 
perpendicular  to  the  optical  axis,  by  a  small  element  of  the  reflecting  paraboloidal 


7.  Note  that  Rj/sin  0^  =  r^  =  2f/(  1  +  cos  0^) 
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1°  2° 
INCLINATION  OF  INCIDENT  RAY,  e 


Figure  10  Actual  Focal  Point  Location, 

Defined  by  Pairs  of  Parallel  Tangential  Rays,  x-Direction 
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Figure  11  Actual  Focal  Point  Location, 
as  Defined  by  Pairs  of  Parallel  Tangential  Rays,  z-Direction 
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Figure  12  Catacaustic  from  Parallel  Inclined  Rays 
Incident  Upon  a  Paraboloid  of  Revolution 
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surface  has,  in  general,  an  elliptical  boundary.  Only  the  image  formed  by  the  mirror's 
central  portion  (Xy  =  Yy  =  0  ;  Zy  =  -f)  is  a  circle  of  diameter  Dg  =  2ftane  , 
provided  that  the  incident  light  cone's  symmetry  axis  is  parallel  to  the  optical  axis. 

Taking  the  four  points  (Xpi  ,  0,0),  (XF2  ,  0  ,  0)  ,  (0  ,  Yp3  ,  0),  (0  ,  Yp4  ,  0) 
one  can  determine  the  major  half-axes ,  as  well  as  the  center  of  the  image  ellipse  from 

b2(X  -  Xe)2  +  a2(Y  -  Ye)2  -  a2b2  =  0 

This  results  in 


.  sin  0.  .2 

xe  =  !<xfi  +  xf2>=  -2frr-^<r  "V  , 

i  cos  20.  +  cos  2  e 


tan  0. 


=  -2f 


•? 

tan  e 


cos  0.(1  +  cos  0. )  .  .  2  .  .  2 

i  l  l  -  tan  0.  tan  e 


Ye‘5'YF3+VF4»'  0 


V1 


l  cos  0.  j  sin  t*  [  cos  e 

a  2  !XF1  XF2  I  2^  1  t  cos  0^  cos  20.  +  cos  2e 


cos  0.(1  ,cos  0. )  .  .  2  2 

i'  r  1  -  tan  0.  tan  e 

i 


cos  0. 


jl  -  tan2,0.  tan2  e 


1  +  cos  0. 


i  yjcos  20.  +  cos  2e 


1  +  cos  0. 


i  \1  -  tan2  0.  tan2  e 
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■*  Stumm  i  . .  in  i « i— ftM— — — BMMMimfilM 


1 


showing  that 

=  -a  tan  0,  I  tan  e  I 
e  i  !  ' 


V2  2 

1  -  tan  0^  tan  € 

(The  deviation  Xe  of  the  ellipse  center  from  the  paraxial  focal  point  is  a  very  small 
quantity,  if  referred  to  the  solar  disk  as  radiation  source,  i.  e. ,  to  e  =  eg  «  0. 00465 
rad.  The  quantity  (1  -  tan2  0j  tan2  eg)  is  approximately  equal  to  unity  even  if  0j 
becomes  large  within  the  range  0  £  0|  g  0m  ;  therefore,  this  quantity  is  usually 
neglected.  The  large  half-axis  a  ,  of  course,  is  the  most  sensitive  quantity  if  re¬ 
garded  as  a  function  of  0^  .  ) 

Neglecting  the  dislocation  of  the  ellipse  centers  from  the  paraxial  focal  point,  and 
assuming  the  incident  light  cone's  symmetry  axis  to  be  parallel  to  the  optical  axis, 

Fig.  13  shows  image  ellipses  of  the  apparent  sun  disk  for  some  values  of  the  zone 
angle  0  .  It  is  seen  that  the  boundary  of  every  individual  image  ellipse  surrounds  the 
image  of  the  solar  disk  for  0  =  0  ;  i.e. ,  the  circle  of  diameter  Ds  =  2ftan  eg  . 

Even  if  the  specific  intensity  of  the  source  is  uniformly  distributed  over  its  circular 
area,  it  results,  for  the  elliptical  image  in  the  paraxial  focal  plane,  in  a  nonuniform 
irradiance  distribution  along  the  X-axis  whereas  the  distribution  along  the  Y-axis  may 
be  approximately  uniform.  Since  the  flux  in  an  elementary  cone  is  constant,  the 
average  value  of  the  irradiance  distribution  decreases  as  the  area  of  the  ellipse  increases 
with  increasing  0  . 

If,  instead  of  a  single  point  of  incidence,  a  zone  of  incidence  with  radial  distance 
from  the  optical  axis  is  considered,  the  image  produced  by  the  infinity  of  Individual 
light  cones  is  obtained  by  superimposing  the  corresponding  image  ellipses.  It  results 
in  an  image  of  circular  shape  around  the  paraxial  focal  point,  the  radius  of  which  is 
determined  by  |  Xp^  |  . 

The  image  produced  by  all  possible  zones  located  infinitely  close  on  the  paraboloidal 
reflector,  of  course,  has  also  a  circular  shape.  The  diameter  of  this  image  is  defined 
by  the  rim  angle  0m  of  the  mirror  and  by  the  half-cone  angle.  The  intensity  distri¬ 
bution  in  the  image  is  to  be  obtained  by  superimposing  the  distributions  in  the  images 
of  the  individual  conical  rings.  Since  the  image  size  is  determined  by  aberration 
effects,  it  is  usually  defined  as  a  circle  of  confusion. 

These  statements  are  important  insofar  as  they  provide  the  fundamental  means  for 
optimizing  the  solar  energy  concentrator.  If  the  radius  of  the  apparent  sun  disk's 
image  produced  by  all  possible  angular  zones  on  the  perfectly  aligned  paraboloidal 
reflector  is  determined  by  application  of  geometrical  optics,  the  radius  of  the  radiation¬ 
receiving  aperture  in  the  paraxial  focal  plane  should  not  be  smaller  than  the  ideal 
image  radius  in  order  to  avoid  energy  losses. 
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Of  course,  misalignment  errors  of  the  mirror-receiver  system  have  to  be  taken  into 
account,  such  as  either  or  both  of  the  following: 

•  Inclination  of  the  mirror's  optical  axis  with  respect  to  the  line-of-sight 
to  the  sun  disk's  center 

•  Dislocation  and  inclination  of  the  receiver  aperture  plane  relative  to 
the  paraxial  focal  plane 

The  inclination  error  of  the  reflector's  optical  axis,  in  principle,  has  already  been 
treated  in  subsection  3a.  The  treatment  resulted  in  the  statement  that  the  image  of  the 
sun  disk's  center,  considered  as  a  point  source,  appears  as  a  straight  line  in  the 
paraxial  focal  plane.  However,  denoting  the  inclination  error  by  ej  ,  and  the  half- 
angular  subtense  of  the  sun  by  eg  ,  the  effect  of  the  finite  extension  of  the  solar  disk 
must  additionally  be  incorporated  in  order  to  determine  the  shape  of  the  apparent  sun 
disk's  image  in  the  paraxial  focal  plane.  This  may  be  done  in  the  following  way: 

a..  Consider  first  the  vertex  of  the  paraboloid  as  incidence  point;  i.  e. ,  take 
X[  =  Yi  =  0  ,  Zj  =  -f  .  and  define  four  characteristic  cone-mantle  rays 
of  incidence  (Fig.  14)  as  follows: 

Rayl.  X  cos  (e*  +  eg)  -  (Z  +  f)  sin  (ej  +  eg)  =  O^8) 

Y  =  0 

cos  -  sin(ei  +  eg)  ;  cos  0^  =  0  ;  cos  =  cos(e.  +  eg) 

Ray 2.  X  cos(ei  -  eg)  -  (Z  +  f)  sin  (ei  -  eg)  =  0 


cos  a. 2  =  sin(ei  -  eg)  ;  cos /3.2  =  0  ;  cos  y.2  =  cos(ejL  -  eg) 

Ray 3.  X  cos  ei  -  (Z  +  f)  sin  e^  =  0 
Y  cos  eg  -  ( Z  2  f )  sin  €g  =  0 


8.  Note  that ,  in  this  denotation,  one  has  always:  ei  >  0  ;  eg  >  0  . 
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Ray4.  X  cos  e. 
-Y  cos  £g 


cos  a.. 
i4 


cos  e.  cos  6g 

cos  yi4  -  —:="•= 

I  9  9 

VI  -  sin  e{  sin  eg 

Since  for  all  these  incident  rays,  the  normal  is  defined  by  the  direction 
cosines 

cos  q;  =  cos  3=0  and  cos  y  =  1 
n  n  'n 

the  equations  of  the  specifically  «.  responding  reflected  rays  and  their 
intersection  points  with  the  parax.^i  focal  plane  may  be  obtained  in  the 
usual  manner.  The  result  can  very  well  be  stated  a  priori;  Since  the  re¬ 
flected  light  cone  has  a  circular  cross-section  but  its  symmetry  axis  is 
inclined  by  the  angle  (e  =  -€i)  relative  to  the  optical  axis,  one  obtains  an 
elliptical  image  of  the  solar  disk  as  the  central  portion  of  the  total  image. 

b.  In  order  to  determine  the  shape  of  the  image  produced  by  a  particular 
zone, or  the  boundary  of  the  total  image,  four  characteristic  cone-mantle 
rays  and  their  correlated  surface  normals  may  be  defined  also.  The 
situation  encountered  is  illustrated  in  Figs.  15  and  16,  showing  cross- 
sections  through  the  tangential  and  sagittal  planes. 

Rayl.  (X  -  R.)  cos  (e,  +  ec)  -  (Z  +  R.  cotan  0.)  sin  (e,  +  e  )  =  0 

1  1  O  1  1  1  O 

Y  =  0 


cos  a.j 


cos  a. 
nl 
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=  sin  (e.  +  eg)  ;  cos  p.j  =  0  :  cos  y.j  -  cos  (e.  +  eg) 


=  sin  -5-  ;  cos  p  =  0;  cos  y  ,  =  -  - - 

2  *nl  ’  'nl  2  cos  0./2 


-  (Z  +  f)  sin  e.  =  0 

-  (Z  +  f)  sin  eg  =  0 


sm  e.  cos 

_ 1  u 

f  2  2 

1  -  sin  e.  sin  ec 

1  D 


cos  Pl4  =  + 


cos  e.  sm  tg 

I  2  72 

fl  -  sin  e.  sin 
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’Ray  2.  R,)  cos(e.  -  eg)  +  (Z  +  Ri  cotan  0.)  sin(e.  -  eg)  =  0 

Y  =  0 

cos  of.2  =  -  (e.  -  €g)  ;  cos  /?i2  =  0  ;  cos  y-2  =  -  cos  (eA  -  £g) 
cos  =  -  sm  0./2  ;  cos  0^  =  0  ;  cos  rn2  =  -  2"“ 

Ray  3.  x  cos  e.  -  (Z  +  Rj  cotan  0.)  sin  =  0 

(Y  -  R.)  cos  eg  -  (Z  +  Ri  cotan  0.)  sin  eg  =  0 


cos  a- .3  = 


sin  £.  cose,,  cos  £.  sin  £c 

1  O  n  ID 

- ;  cos  P.g  =  - 


■\/l  -  sin2  £^  sin2  £g 


.f.  72  72 

VI  -  sm  £j  sm  £g 


cos  y. 


i3 


COS  £.  COS  £g 


V2  2 

1  -  sin  £•  sin  ££ 


cos 


a„3  “  0  •  005  0»3  =  staV2  !  005  \3  °~2  cos  tji/2 


Ray  4.  X  cos  c.  -  (Z  +  R.  cotan  0. )  sin  £.  =  0 

-(Y  +  R. )  cos  £q  -  ( Z  +  R.  cotan  0. )  sin  £c  =  0 

ID  1  1  D 

sin  c.  cos 


cos  c*i4  =  - 


COS  £.  Sin  £g 


-  ;  cos  0i4  =  -- _ 

V 1  -  sin2  £ .  sin2  £g  \/l  -  sin2  £. 


.  2 

sm  £/ 


cos  y. .  = 


COS  £  .  COS  £c 
1  D 


14  / - 

VI  -  si 


2  2 
sin  £ .  sin  eg 


C0SQ’n4  =  0  ;  cos^n4  =  “sinV2  i  cos  V, 


n4 


n4  2  cos  0i/2 
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The  appropriate  mantle  rays  corresponding  to  the  reflected  cones  (of  circular  cross- 
section)  and  their  intersection  points  with  the  paraxial  focal  plane  may  now  be  found  in 
the  general  way  outlined  earlier.  The  images  of  the  apparent  sun  disk  produced  by 
particular  paraboloidal  zones  can  be  anticipated  to  have  elliptical  boundaries.  The 
solar  disk's  total  image,  then,  is  obtained  by  superimposition  of  the  images  of  the 
particular  zones,  and  will  show  the  characteristic  properties  of  coma  and  astigmatism. 

If  the  mirror-receiver  system  is  to  be  optimized  in  the  sense  that  the  total  radiation 
reflected  from  the  mirror  is  to  be  collected  by  the  receiver  aperture  in  the  paraxial 
focal  plane,  then,  of  course,  the  effect  of  the  misalignment  has  to  be  taken  into 
account.  This  can  certainly  be  done  by  enlarging  the  diameter  of  the  receiver  aperture 
appropriately.  On  the  other  hand,  the  shape  of  the  aperture  may  be  changed;  most 
probably  it  will  be  characterized  by  an  ellipse-type  or  even  an  elliptical  boundary. 

In  this  case,  however,  one  has  to  provide  means  to  place  the  larger  aperture  symmetry 
axis  into  the  meridional  plane.  If  a  compromise  solution  is  adequate  -  i.  e. ,  if  a 
certain  percentage  loss  of  the  total  radiation  reflected  can  be  tolerated  —  either  the 
size  (and  shape)  of  the  aperture  actually, to  be  used  can  be  determined  or  the  maximum 
admissible  inclination  error  —  in  this  case,  e  ~  +  eg  —  can  be  defined  for  a  given 

aperture  size.  The  latter  case  has  been  treated  numerically  by  assuming  a  mirror 
rim  diameter  of  52  ft,  a  rim  angle  of  60  deg,  and  a  receiver  aperture  diameter  of  20  in. 
The  result  is  shown  in  Figs.  17  and  18.  One  concludes  that,  for  this  special  situation, 
an  error  of  e  =  0. 785  deg  can  be  tolerated  at  the  rim;  of  course,  the  admissible 
error  is  larger  for  smaller  zone  angles. 

Receiver  aperture  dislocation  errors  may  be  classified  as  displacements  of  the  aperture 
center  along,  and  perpendicular  to,  the  optical  axis.  It  can  easily  be  shown  that  a 
displacement  of  the  aperture  plane  along  the  optical  axis  either  reduces  or  enlarges  the 
size  of  the  actually  received  solar  disk  image.  If  Az  is  the  displacement  error  one 
obtains. 

XA  =  Xp  -  Azatan(0.  +  e)(9)  (22) 

where  Xp  is  the  intersect  of  the  reflected  ray  from  a  point  source  at  infinity  (angular 
deviation  e  relative  to  the  optical  axis)  with  the  paraxial  focal  plane.  Since,  in  this 
specific  case,  one  has  Xp  <  0  ,  the  displacement  effect  is  equivalent  to  an  image  size 
enlargement  for  Aza  >  0  ,  i.e. ,  equivalent  to  a  larger  inclination  error  e  =  ej  +  eg 
+  ea  .  For  a  rim  angle  of  60  deg,  a  numerical  evaluation  of  Eq.  (22)  is  shown  in 
Fig.  19  ;  for  more  generality,  a  dimensionless  representation  has  been  used.  It  is 
seen  that  small  aperture  displacements  in  the  order  of  Aza  =  ±0. 001  f  correspond  to 
equivalent  inclination  errors  of  approximately  ea-  ±0.05  deg,  respectively.  Dislocating 
the  aperture  center  perpendicularly  to  the  optical  axis,  of  course,  results  in  efficiency 
losses,  if  efficiency  is  defined  as  ratio  of  the  actually  received  to  the  theoretically 
receivable  radiation.  This  effect,  therefore,  may  also  be  considered  equivalent  to  an 


9.  The  quantity  XF  is  defined  by  Eq.  (14);  e  is  given  by  e  =  e^  +  Cg- 
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0  1°  2° 


INCLINATION  OF  INCIDENT  RAY,  e 


Figure  18  Point-Source  Image  Deviation  From  Optical  Axis  in  Paraxial 
Focal  Plane;  Dependence  on  Hypothetic  Incidence  Angle  c  ;  Zone  Angle:  6  =  6 
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AZj/f  =  +  0.001- 


-0.001 


ZONE  ANGLE  CONSIDERED:  0  =  60  DEG 
Az  =  DISTANCE  BETWEEN  RECEIVER  APERTURE 
a  AND  PARAXIAL  FOCAL  PLANE 


INCLINATION  OF  INCIDENT  RAY,  e 


Figure  19  Point-Source  Image  Deviation  From  Optical  Axis  in  Displaced  Receiver 
Aperture  Plane;  Dependence  on  Hypothetic  Incidence  Angle  e  ;  Zone  Angle:  9  =  60  deg 
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increase  in  inclination  angle.  With  respect  to  aperture  plane  inclination  errors,  it  is 
evident  that  they  produce  images  reduced  or  enlarged  in  size.  Summarizing  the  state¬ 
ments,  one  concludes  that  dislocation  and  inclination  errors  of  the  receiver  aperture 
plane  relative  to  the  paraxial  focal  point  and  the  optical  axis,  respectively,  are  equiva¬ 
lent  to  an  inclination  angle  change,  and,  consequently,  have  an  effect  upon  the  sun  disk's 
actual  image  similar  to  that  of  a  mirror  misalignment  error,  i.  e. ,  of  an  error  in 
pointing  the  reflector’s  optical  axis  toward  the  solar  disk's  center. 
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Appendix  II 

IMAGE  FORMATION  BY  A  PARABOLOIDAL  MIRROR 
SEGMENT -MISALIGNMENT  ERRORS 

1.  GENERAL  INFORMATION 

A  particular  form  of  a  paraboloidal  solar  radiation  reflector  is  one  that  is  composed 
of  segmental  areas  or  petals.  This  design  permits  furling  the  mirror  for  installation 
on  a  satellite  launching  vehicle  during  the  boost  and  injection-into-orbit  phases.  The 
satellite -borne  reflector  is  unfurled  after  the  orbit  is  achieved,  and  its  optical  axis 
is  oriented  towards  the  apparent  solar  disk's  center.  To  perform  the  furling  and 
unfurling  process,  the  mirror  petals  are  mounted,  usually,  on  a  hub  around  the 
reflector's  optical  axis.  The  hole  at  the  mirror's  central  portion,  of  course,  produces 
an  effect  similar  to  that  of  obscuration,  and,  therefore,  the  hub  diameter  has  to  be 
determined  carefully  in  order  to  avoid  too  large  radiation  losses.  A  reflector  of  this 
type,  obviously,  can  not  be  expected  to  show  the  performance  of  a  perfect  paraboloid 
in  a  terrestrial  environment. 

The  misalignment  errors  of  a  perfect  reflector  (tilt  of  the  optical  axis  relative  to  the 
line-of-sight  to  the  solar  disk's  center,  as  well  as  dislocation  of  the  radiation  receiver 
aperture  with  respect  to  the  paraxial  total  point  and  inclination  with  respect  to  the 
optical  axis)  are  errors  which  probably  will  be  encountered  continuously  in  space, 
but  this  problem,  to  some  extent,  has  already  been  treated  in  Appendix  I.  For  this 
reason,  a  perfectly  aligned  segment  of  an  ideal  reflector  is  taken  as  a  reference  for 
the  theoretical  performance  analysis  of  an  imperfect  petal.10  If  convenient,  in  some 
instances,  the  effect  of  mirror  misalignments  will  be  incorporated. 

Misalignment  errors  of  individual  petals  may  be  classified  as: 

•  Tilt  of  the  optical  axis  of  the  actual  petal  relative  to  that  of  the  reference 
segment  at  the  theoretical  vertex 

•  Hub  displacement  along  the  optical  axis  and  perpendicular  to  it 

•  Petal  inclination  error  at  hub  or  any  other  point  on  the  contour  of  the 
reference  segment 

The  analyses  performed  are,  in  general,  based  on  the  specific  considerations  of 
Appendix  I.  However,  before  these  analyses  are  presented,  it  is  desirable  to  describe 
briefly  the  overall  image  of  a  circular  source  if  this  is  produced  by  a  perfectly  aligned 


10.  Perfect  alignment  of  an  ideal  reflector,  described  by  a  paraboloid  of  revolution, 
and  of  every  one  of  its  segments  is  understood  in  the  sense  that  the  optical  axis 
coincides  with  the  line-of-sight  to  the  sun  disk's  center,  and  that  the  receiver 
aperture  plane  is  identical  with  the  paraxial  focal  plane. 
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and  perfectly  shaped  paraboloidal  mirror  segment.  The  extension  of  the  petal  may  be 
described  by  0j,  ^  Q  %  0m ,  -<f>s  =  <p  ^  0S ,  where  0^  and  ®m  denote  the  zone 
angles  at  the  hub  and  the  rim,  respectively,  and  2<ps  is  the  angular  subtense  of  the 
petal  with  respect  to  the  optical  axis.  The  image  of  a  light  cone,  incident  at  a  specific 
point  (4> ,  0) ,  again  is  an  ellipse  in  the  paraxial  focal  plane  (or  in  any  plane  inclined, 
relative  to  the  reflected  cone's  symmetry  axis,  by  an  angle  other  than  n/2).  The 
size  of  the  overall  image  obtained  by  superimposition  of  all  possible  ellipses  is 
determined  by  the  edges  of  the  sectorial  area  of  incidence,  i.e. ,  by  (p  *  ±(Ps  » 

0  =  0h,  and  9s  =  6m-  Thus,  the  image,  essentially  has  sectorial  shape,  but  without 
sharp  corners.  It  is  to  be  noted  that  the  image  area  always  contains  the  paraxial 
focal  point.  Although  not  of  primary  concern  for  understanding  the  content  of  this 
appendix,  the  statement  on  the  image  shape  may  be  useful  if  one  wishes  to  determine, 
by  theoretical  considerations,  the  intensity  distribution  and/or  the  zonal  energy  con¬ 
tent  in  images  of  the  sun  produced  by  single  segmental  areas  of  the  mirror  or  by 
multiple  petal  arrangements. 

2.  TILT  OF  THE  OPTICAL  AXIS  OF  THE  ACTUAL  PETAL  RELATIVE  TO  THAT 
OF  THE  REFERENCE  SEGMENT  AT  THE  THEORETICAL  VERTEX 

If,  for  a  perfectly  aligned  paraboloid  of  revolution,  a  reference  system,  (x ,  y ,  z),11 
as  shown  in  Appendix  I,  Fig.  5,  has  been  chosen,  then,  in  general,  the  description 
of  an  arbitrary  segment  can  be  referred  to  a  system,  (£  ,  rj ,  f ) ,  which  is  rotated 
about  the  z-axis  by  an  angle  0O .  (<pQ  may  define  the  location  of  the  petal's  symmetry 
axis  such  that  the  angular  width  is  given  by  <PQ-  <f> s  =  <P  =  <P0  +  0s  >  where  <ps  is 
the  half  angular  subtense  as  seen  from  the  optical  axis.)  As  long  as  the  reflector, 
including  each  of  its  segments,  is  perfectly  aligned  with  respect  to  a  point  source  at 
infinity  (parallel  beam  of  light)  or  with  respect  to  the  principal  ray  (light-cone  symmetry 
axis)  of  a  circular  source,  every  (meridional)  plane  containing  the  z-axis  may  be 
chosen  to  characterize,  in  the  most  convenient  way,  specific  features.  From  this 
fact,  it  follows  that  the  rotation  by  the  angle  <p0  is  unimportant  as  long  as  single 
petals  are  to  be  analyzed.  For  this  reason,  in  the  following  analyses  of  single  petals, 
the  ( ij,  f ) -plane  is  taken  as  a  specific  meridional  plane,  i.e. ,  as  tangential  plane. 

(The  combined  effects  of  more  than  one  petal  are  not  taken  into  consideration  at  this 
moment. ) 

The  misalignment  of  the  petal  can  now  be  described  as  resulting  in  one  of  the  following: 

•  A  rotation  about  the  rj-axis  by  an  angle  e 

•  A  rotation  about  the  £-axis  by  an  angle  el 

•  Combined  rotations  by  angles  e  and  e„  * 

V  t, 


11.  The  coordinate  system,  (x  ,  y  ,  z)  ,  with  origin  at  the  paraboloidal  vertex  is  here 
used  for  greater  convenience. 
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a.  Rotation  About  the  tj-AxIb 

This  case  refers  to  an  elevation  of  the  f-axis,  and,  obviously,  constitutes  the  simplest 
to  be  considered.  In  principle,  it  is  handled  in  Appendix  I. 

The  transformation  matrix  is 


'cos  e„ 

-sin  el 

r 

V 

Lsine  cos  el 

7)  7)J 

if  =  V 

X. 

- 

The  specific  incident  ray  from  a  bundle  of  parallel  rays,  at  an  arbitrary  point  of  the 
well-aligned  reference  segment,  may  be  defined  by  the  two  planes 

I  .=  Sj  =  cos  (f>i 

7j  =  7j.  =  R.  sin  <f>. 

which  take,  in  the  new  system,  the  form 

V  cos  e^  +  £'  sin  e^  = 

V1  =  \ 

Since  the  actual  petal  as  a  part  of  the  paraboloidal  reflector  is  described  by 

?,z  +  7?'2  =  4f£' 

one  may  calculate  the  coordinates  (£•  ,  ,  £{)  of  the  incidence  point  on  the  actual 

petal,  and  proceed  according  to  Appendix  I,  subsection  2b.  After  the  direction  cosines 
of  the  actually  reflected  ray  are  found,  the  equations  of  this  ray  may  be  expressed  by 
the  original  coordinate  system,  (£  ,  77 ,  £ ),  to  determine  its  intersection  point  with 
the  paraxial  focal  point,  £  =  f.  The  deviation  of  this  point  from  the  theoretical 
paraxial  focus  is  denoted  as  misalignment  error,  and  has  the  same  meaning  as  a 
geometrical  optical  aberration. 

Rays  lying  in  the  specific  meridional  plane  of  the  reference  system  turn  into  tangential 
rays  in  the  primed  system  with  an  incidence  angle  e^ .  The  extreme  image  point 
deviations,  encountered  along  the  parallel  to  the  |-axis  in  the  paraxial  focal  plane, 
are  determined  by  the  zone  angles  9  -  9^  and  6  -  9m  ,  where  9^  and  6m  refer 
to  the  hub  and  the  rim  of  the  paraboloidal  segments  respectively.  Sagittal  rays,  in 
the  usual  sense,  do  not  exist  in  the  primed  system  because  of  the  limited  angular 
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extensions  of  the  petal.  However,  for  rays  lying  in  planes  perpendicular  to  the  specific 
meridional  planes,  the  image  points  may  be  determined  by  applying  the  considerations 
developed  in  Appendix  I,  subsection  3a.  The  point  source  image  will  be  a  straight  line. 

With  respect  to  a  circular  source,  a  single  incident  light  cone  produces  an  elliptically 
shaped  image  whose  area,  of  course,  is  larger  than  that  encountered  from  the  refer¬ 
ence  segment.  Because  of  the  misalignment  error,  the  ellipse  center  may  appreciably 
deviate  from  the  paraxial  focus.  The  longitudinal  ellipse  axis  lies  in  the  direction  of 


b.  Rotation  About  the  £-Axis 
Here,  the  transformation  matrix  is 


V 

cos 

sin  ' 

V 

S' 

-sin 

cos 

=  « 

The  two  planes  defining  the  incident  ray, 

4  =  ^.  =  R.  cos  <£. 

jj  =  p.  =  R.  sin  0. 

take,  in  the  primed  system,  the  form 


f  (2) 


7}’  cos  sin  =  p. 

The  further  analysis  is  practically  identical  with  that  of  Appendix  I,  subsection  3a.  Its 
results  are  quite  similar,  except  that  rays  lying  in  the  specific  meridional  plane  of 
the  reference  system  turn  into  sagittal  rays  of  the  primed  system  with  an  incidence 
angle  ,  and  tangential  rays,  in  the  usual  sense,  do  not  exist  in  the  primed  system. 

With  respect  to  the  circular  source,  one  obtains,  from  a  single  cone  of  incidence, 
an  elliptical  image  with  longitudinal  axis  in  the  direction  of  p .  Again,  the  area  of 
the  image  ellipse  is  larger  than  that  obtained  from  the  reference  segment,  and  the 
ellipse  center  shows  a  misalignment  error. 
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c.  Combined  Rotations 


The  term  "combined  rotations"  is  here  understood  in  the  Eulerian  sense;  i.e. ,  first 
a  rotation  about  the  Tj-axis  by  the  angle  £jj  is  performed,  followed  by  a  second  rota¬ 
tion  about  the  4 '-axis  by  the  angle  ,  such  that  the  transformation  matrix  becomes 

cose  0  -sine  r| 

V  r? 

tj"  =  sin  e  sin  e.  cos  e.  cos  e  sin  e.  tj 

1  y  4  4  y  4 

£"J  sine  cose.  -sine.  cose  cose.  L£ 
y  4  4  y  4 

The  same  incidence  ray  as  used  above,  Eqs.  (2.1  and  2.2),  is  defined  in  the  double- 
primed  system,  by  the  two  planes 

cos  e  +  tj"  sin  e  sin  e.  +  £"  sin  e  cos  e.  =  £. 

y  y  4  4  i 

and 


tj"  cos  e^  -  £"  sin  e^  =  tj. 
These  equations  may  be  written  in  the  form 


«"  +  k2' 
■~k3  +  k4- 


where 

k.  =  sin  e 
0  y 

k,  =  cos  e  sin  e. 

1  jj  | 

kg  =  4j  sin  e^  +  tj.  sin  e  cos  e^ 

k„  =  cos  e  cos  e. 

3  y  4 

k4  =  cos  e^  -  tj.  sine  sin  e^ 

Introduction  into  the  equation  of  the  paraboloid, 

£”2  +  JJ.!2  =  4f  £tt 
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results  in  the  coordinates  of  the  incidence  point  on  the  actual  petal 


•<l"  = 


kx  k2  -  2f  kQ  kg 


,2,.2 

k0  +  kl 


1±  Jl- 


(k? * k?)  (' 


k“  -  4f  k0  k4) 


(kik2  -  2fk0k3r 
V'i  •  ^-ki^  +  k2> 

*  r("k3^i +  k4> 


Expressing  the  equations  for  the  incident  ray  in  termc  (£"  -  ) ,  (tj"  -  jjI'  )  , 

(£"  -  Sj) ,  one  obtains  the  direction  cosines 

cos  or'.'  =  -  sin  e 

i  n 

cos  /?V  =  cos  sin 
cps  y!'  =  cos  cos 

One  has,  furthermore,  the  direction  cosines  of  the  normal  to  the  actual  petal  at 

(SMi'.n: 


(4) 


cos  cv„  = 


cos  3  = 


cos  yn  = 


2f 


ii 


l'2  +  rj'.|2'+  4f2 
1  'i 
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Hence,  the  direction  cosines  and  the  equations  of  the  reflected  ray  can  be  determined 
according  to  the  procedure  described  in  Appendix  I,  subsection  2b.  Finally,  the 
equations  for  the  reflected  ray  may  be  transformed  into  the  original  coordinate  sys¬ 
tem  and  intercepted  by  the  theoretical  paraxial  focal  plane  £  =  f  . 

Although  misalignment  errors  can  be  calculated,  the  application  of  the  terms  "tangential 
and  sagittal  rays"  as  referred  to  the  double-primed  system  is  no  longer  useful. 

With  respect  to  the  circular  source,  a  single  cone  of  light  incidence  produces  an 
elliptically  shaped  image  whose  longitudinal  axis  may  be  along  the  £-axis  or  along  the 
rj-axis,  depending  on  the  magnitude  of  the  rotation  angles  e}J  and  with  respect  to 
each  other.  The  ellipse  center  is  characterized  by  coordinates  (|e,t?e).  The  ellipse 
area  is  probably  larger  than  that  obtained  from  the  nondistorted  petal  and  also  larger 
than  those  of  the  cases  1  and  2  in  this  section. 

3.  HUB  DISPLACEMENT 

Hub  displacements  can  be  characterized  as  dislocations  of  the  hub  center  along  and 
perpendicular  to  the  optical  axis  of  the  reference  segment.  Their  effects  are  expected 
to  be  quite  similar  to  those  encountered  by  a  displaced  receiver  aperture  plane.  The 
theoretical  paraboloid,  in  this  case,  may  be  given  by 

?  +  V2  =  4f  U  +  f) 

i.e. ,  it  may  be  referred  to  a  coordinate  system  with  origin  at  the  paraxial  focus.  The 
most  general  hub  displacement  is  described  by  the  translation 


mVm 

- 1 

O 

O 

_ I 

*«  -  AV 

V' 

ii 

0  10 

»-A7,h 

.0  0  1. 

-£  -  A£h. 

This  means  that  one  has  A£j,  =  Atj^  =  0  for  displacements  along  the  optical  axis, 
and  A£jj  =  0  for  dislocations  perpendicular  to  the  optical  axis. 


It  can  easily  be  shown  that,  for  a  perfectly  aligned,  paraboloidal  reference  segment, 
the  misalignment  errors  of  a  single  ray  of  incidence  due  to  a  hub  displacement  of  the 
actual  petal  along  the  optical  axis  are  given  by 

=  A£h  tan  0.  cos  <£. 


i)Y  =  A£h  tan  0.  sin  0. 


f(6) 
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where 


ti 


£.  =  R,  cos  <p.  =  r!  cos  d>\ 

1  i  ’l  1  *1 

TJ.  =  R.  sin  <£.  =  r!  sin  ,  i.e. ,  Rj  =  R*  ,6i  ~  d>J  , 
£i  -  AS},  =  -R}  cotan  0i  ~  ASh  » 


are  the  coordinates  of  the  incidence  point,  and 
0,  =  zone  angle  of  the  reference  segment 

The  image  of  a  single  light  cone  from  a  circular  source,  perfectly  aligned  with  regard 
to  its  symmetry  axis,  again  is  an  ellipse  in  the  paraxial  focal  plane  of  the  reference 
segment. 

Of  course,  the  situation  is  changed  to  some  extent  if  the  point  source  at  infinity  or  the 
circular  source  is  in  off-axis  position.  As  an  example,  the  situation  is  considered 
where  this  off-axis  position  is  defined,  in  the  specific  meridional  plane,  by  an  inclina¬ 
tion  error  €}  with  respect  to  the  optical  axis  (Fig.  II-l)  and  where  0,  =  0  is  assumed 
for  further  simplification.  The  determination  of  the  misalignment  error  is  not  com¬ 
plicated,  but  somewhat  lengthy.  It  results  in 


! 


,  sm  e. 

"Ri  sin  9{  cos  (o!  +  e.)  +  ten  (0i  +ei* 


V  =  0 


£f  ^  0 


where 

zone  radius  for  a  single  ray  incident  at  the  actual  petal 

actual  zone  angle,  i.e. ,  the  angle  between  the  radius  vector  from  the 
actual  focal  to  the  actual  incidence  point  and  the  optical  axis 

t 

Equations  (6)  correspond  exactly  to  those  that  will  be  obtained  from  the  dislocation  of 
the  receiver  aperture  plane  along  the  optical  axis  of  a  perfectly  aligned  paraboloidal 
reflector.  In  Appendix  I,  this  aperture  plane  dislocation  was  denoted  by  Aza  .  To  get 
equivalent  expressions  for  both  cases,  the  term  a£j,  in  Eqs.  (6)  is  to  be  replaced  by  -Aza  . 

From  Fig.  20,  it  is  seen  that  the  misalignment  error  described  above  can  be 
interpreted  as  composed  of  a  misalignment  error 


=  - R! 


sm  Cj 


i  sin  0.'  cos  (fl!  +  e.) 
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REFERENCE  SURFACE 


Figure  20  Simplified  Configuration  Encountered 
in  Evaluating  Petal  Misalignments;  Hub  Displacement 
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and  of  the  value 


=  Afhtan  (o!  +  £i) 

The  term  £p  represents  the  misalignment  error  which  would  be  encountered  in  the 
actual  focal  plane;  is  a  correction  quantity  resulting  from  the  hub  displacement 
along  the  optical  axis.  Furthermore,  if  P|  is  the  actual  incidence  point  and  Pj  is 
the  fictitious  point  of  incidence  on  the  reference  surface,  it  is  seen  that  £  p  may  also 
be  interpreted  as  resulting  from  a  fictitious  incidence  angle,  -  ep  ,  where 

€  is  a  correction  quantity  to  be  introduced  for  compensating  the  angle  between  the 
actual  surface  normal  at  P-  and  the  fictitious  surface  normal  at  Pj ;  i.e. ,  one  can 
describe  the  misalignment  error  by 


Comparing  this  formula  with  Eq.  (22)  of  Appendix  I  proves  the  anticipated  similarity 
of  the  effects  of  a  displaced  hub  with  those  of  a  dislocated  receiver  aperture  plane, 
and  shows  that  displacement  errors  of  that  kind  are  indeed  equivalent  to  inclination 
angle  changes. 

Although,  for  the  dislocation  of  the  hub  perpendicular  to  the  optical  axis,  the  analysis 
may  be  more  difficult  to  perform  than  for  the  simple  cases  treated,  there  is  no  reason 
at  all  to  suspect  that  the  resulting  misalignment  error  will  not  be  similar  to  that  of  a 
receiver  aperture  center  displaced  perpendicularly  to  the  optical  axis.  Therefore, 
all  the  conclusions  drawn  are  equally  applicable  for  both  hub  center  and  receiver 
aperture  plane  dislocations. 

4.  PETAL  INCLINATION  ERROR  AT  THE  HUB 

As  in  case  B,  the  reference  segment  and  the  actual  are  described  by  Eq.  (10),  i.e., 
by  the  respective  paraboloids 

r  *  t]2  =  4f  (?  +  f) 
and 

jt.2  +  j,'2  «  4f  (£«+  f) 

where  the  coordinate  system  origins  are  located  at  the  theoretical  and  actual  focal 
points.  For  simplification,  only  the  meridional  plane  specified  by  the  £-  and  f~axes 
is  considered.  The  inclination  error  at  the  hub  is  denoted  by  and  the  center  of 
rotation  at  the  hub  by  the  coordinates  (£h  ,  0  ,  £h) .  The  actual  optical  axis  makes 
the  same  angle  eh  with  the  theoretical  optical  axis  as  does  the  actual  with  the 


=  -R 


i  sin  0.  cos  (0.  +  e^  *F  +  A^h  tan  (0i  +  €i* 
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theoretical  normal  at  the  hub.  Then,  the  rotation  of  the  reference  segment  into  the 
actual  petal  is  defined  by  the  transformation 


where  the  coordinates  (|f  ,  0  ,  £f  )  determine  the  theoretical  focus  in  the  (|* ,  v' »  £*  )- 
system.  Similarly,  one  has 


where  (|f  ,  0  ,  ff )  denote  the  coordinates  of  the  actual  focal  point  in  the  (| ,  17  >  £) 
system.  Of  course,  the  specific  focal  point  displacements  (|f,  £f)  and  (|f  ,£f ) 
are  uniquely  determined  by  and  the  specific  center  of  rotation  (lh>fh)»  ant* 
vice  versa.  This  implies  that  an  arbitrary  focal  point  dislocation  defines  a  unique 
point  of  rotation  on  the  paraboloidal  surface,  and  that,  for  this  reason,  Eqs.  (7) 
and  (8)  can  be  considered  the  expression  for  a  more  general  transformation;  i.e. , 
they  may  be  referred  to  an  arbitrary  center  of  rotation  on  the  reflector  surface.  If 
one  assumes  If  »Sf  and  as  given,  one  obtains  the  center  of  rotation 

sin  0, 

^h  =  2f  1  +  cos  0h 
cos  0, 

fch  1  +  cos  0^ 

£_ 

0,  =  e, /2  +  tan-1  -- 
h  h  !|~ 

where  usually  0^  is  the  zone  angle  of  the  rotation  center. 
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For  further  simplification,  it  may  now  be  assumed  that  the  incident  ray  is  determined 
by  an  arbitrary  point  P*  (|*  ,0  ,£*)  in  the  (| ,  7) ,  £)  system  and  an  inclination  angle 
q  relative  to  the  theoretical  optical  axis12: 

(|  -  |*)  cos  £.-(?-£*)  sin  =  0 

V  «  0 

take,  in  the  transformed  system,  the  form 

S'  cos  (e.  -  eh)  -  V  sin  (e.  -  eh)  =  (|*  -  ^ )  cos  e.  -  (£*  -  t^)  sin  e. 

7}'  =  0 

and  are  to  be  used,  in  connection  with  the  paraboloidal  equation 

+  rj*2  =  4f  (£'  +  f) 

to  determine  the  coordinates  ( |! ,  0  ,  f ! )  of  the  incidence  point  Pj  on  the  actual 
surface.  Hence,  in  the  following,  these  coordinates  can  be  supposed  to  be  known, 
and  the  incidence  ray  can  be  expressed  by 

(S’  -  I})  cos  (e.  -  €h)  -  (£•  -  l[)  sin  (e.  -  €h)  =  0 

7)’  =  0 

The  situation  encountered  is  illustrated  in  Fig.  21.  The  actual  surface  normal  is 
defined  by 

(S'  ~  I|)  cos  0\/2  +  <£'  -  £[)  sin  o\/2  =  0 

7]'  =  0 

where  is  the  zone  angle  to  the  actual  incidence  point  in  the  primed  system .  It  is 
easily  seen  (and  analytically  derived)  that  the  incidence  angle  is 

a.  =  O'./ 2  +e.-e. 
li  l  h 

12.  This  includes  the  specific  case ,  e.  =  0  ,  of  the  perfectly  aligned  reference  segment. 
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Figure  21  Simplified  Configuration  Encountered 
in  Evaluating  Petal  Misalignments ;  Petal  Inclination  at  Hub 
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Hence,  the  reflected  ray  is  determined  by 

(£'  -  I')  cos  (0!  +  e.  -  eh)  +  (S'  -  £!)  sin  (Oj  *  e.  -  eh)  =  6 

7)'  =  0 

By  using  the  transformation  Eq.  (14.1),  i.e. , 

$'-£[=  (4  -  Ij)  cos  <=h  -  (S  -  £•)  sin  eh 

*  r  -  t{  =  (I  -  Ij)  sin  eh  +  (S  -  S.)  cos  eh 

the  equations  of  the  reflected  ray  become 

(£  -  fj)  cos  (fl!  +  e.  -  2eh)  +  (S  -  ^)  sin  (fl!  +  e.  -  2eh)  -  0 

V  =  0 

It  follows  that  the  misalignment  error,  defined  by  the  intersect  of  the  reflected  ray 
with  the  theoretical  paraxial  focal  plane,  is  determined  by 

a  Ii  *  ^tan(ei  +  e.  -  2eh) 

VF  =  0 
£f  =  o 

where  (f . ,  S- )  are  the  coordinates  of  the  actual  incidence  point  in  the  reference 
system,  and  may  be  expressed  by 

_  sin  (O'.  +  e.) 

«i  =  «F 

i 

?i  =  %  +  (Ij  -  )  cotan  (0!  +  eh) 

It  is  to  be  noted  that,  in  the  final  form,  Eq.  (  9) ,  for  thr  misalignment  error,  the 
surface  inclination  error  appears  with  twice  its  amount.  Major  difficulties  are 
not  expected  in  treating  more  general  cases,  although  the  analysis  will  be  lengthy. 

Since  focal  point  dislocations  have  proved  to  be  equivalent  to  fictitious  surface  inclina¬ 
tion  errors,  the  determination  of  the  misalignment  error  of  a  single  paraboloidal  petal 
can  always  be  obtained  from  applying  the  general  derivations  of  Appendix  I,  provided 
that  the  particular  angular  errors  are  properly  defined  and  accumulated  into  one  total 
error  e  . 
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Appendix  III 

IMAGE  FORMATION  BY  A  PARABOLOIDAL  MIRROR 
SEGMENT  -  DEFORMATION  ERRORS 

1.  CLASSIFICATION  OF  ERRORS 

The  errors  of  single  segments  considered  here  are  denoted  as  deformation  errors 
because,  in  contrast  to  the  petal  misalignments  of  Appendix  n,  they  are  produced  by 
a  change  of  the  paraboloidal  contour.  The  errors  of  this  type  belong  essentially  to 
two  categories:  macrodeformations  and  microdeformations. 

2.  MACRODEFORMATIONS 

Large-scale  mechanical  deformations  are  those  which  are  produced  by  the  following: 

•  Improper  surface  shape  due  to  the  manufacturing  process 

•  Bending  under  gravitational  load 

e  Time-dependent  thermal  stress  in  orbit 

They  affect  the  contour  of  the  mirror  segment  as  a  whole  in  a  continuous  manner  and 
can  be  characterized  by  the  appearance  of  displacements,  as  well  as  inclinations  of 
the  tangential  plane  to  the  actual  petal  relative  to  the  reference  segment.  They  are 
different  from  the  dislocations  and  inclinations  caused  by  mechanical  petal  misalign¬ 
ments  insofar  as  the  actual  surfaces  are  to  be  described  by  analytic  equations  which 
contain  higher  (and  lower)  than  second-order  terms  in  the  coordinates  £  and  rj 
perpendicular  tc  the  optical  axis,  and  perhaps  also  higher  than  first-order  terms  in 
the  coordinate  £  along  the  optical  axis,  if  this  axis  can  be  defined  at  all.  Moreover, 
the  surface  describing  a  single,  discrete  petal  is  not  necessarily  a  surface  of  revolu¬ 
tion.  Of  course,  a  paraxial  focal  point,  in  the  Gaussian  sense,  can  be  defined  very 
well,  but  this  focus  probably  can  not  be  expected  to  represent  the  locus  of  all  rays 
incident  parallel  to  the  optical  axis  and  reflected  from  the  mirror  surface. 

For  the  analysis  of  the  deformation  errors,  one  may  envision  essentially  two  methods: 

Method  1.  Taking  the  contour  of  the  real  petal  and,  by  application  of  the  rules  of 
conventional  geometrical  optics,  comparing  its  effect  upon  the  image 
formation  with  that  of  the  conjugated  paraboloidal  reference  segment. 
This  method,  certainly,  will  result  in  a  detailed  and  complete  insight 
into  the  mechanism  of  image  formation  by  a  deformed. petal,  and  will 
define  the  contribution  of  the  deformation  to  the  overall  error. 
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Method  2.  Replacing  the  real  contour  by  a  paraboloid  which  best  fits  it  in  the 
least-squares  sense  and  comparing  this  paraboloid  of  approximation 
with  the  reference  surface.  Most  probably,  the  approximate  parab¬ 
oloid  will  be  misaligned  with  respect  to  the  reference  petal  and, 
therefore,  can  be  handled  by  adequately  using  the  derivations  of 
Appendix  II.  Of  course ,  application  of  this  method  will  reveal  only 
coarse  knowledge  of  the  image -formation  mechanism  and  of  the  con¬ 
tribution  of  the  deformation  to  the  over-all  error. 

For  both  methods,  the  knowledge  of  real  petal  contours  or  even  of  families  of  possible 
surface  contours  is  a  prerequisite  for  the  performance  of  the  error  analysis.  Of 
course,  the  image  produced  is,  in  size  and  shape,  basically  due  to  conventional  optical 
aberrations. 

3.  MICRODEFORMATIONS 

Small-scale  deformation  effects  may  be  due  to: 

•  Waviness,  in  a  general  sense 

<*  Sharp  surface  inflections  (especially  at  the  petal  edges)  and  other  discontinuities 

•  All  surface  elements  which  scatter  radiation  in  random  directions 

The  deformations  of  this  kind,  which  sometimes  may  tend  toward  the  microscopic, 
affect  the  contour  of  the  reflector  segment  locally  rather  than  as  a  whole.  Although 
the  small-scale  deformations  may  also  be  characterized  as  local  displacements  and 
inclinations  of  the  tangential  planes  to  the  actual  petal  with  respect  to  the  reference 
segment,  the  treatment  gets  complicated  insofar  as  there  may  be  hundreds  or  even 
thousands  of  irregular  and  random,  single  and  complex  deformations  of  this  type. 
Nevertheless,  the  actual  surface  as  a  whole  may  be  describable  by  an  analytic  equation 
which  contains  even  more  higher-order  terms  than  that  for  the  surface  affected  by 
large-scale  deformations;  it  may  also  be  possible  that  the  actual  surface  has  to  be 
described  by  Fourier,  or  other  series,  expansions.  These  descriptions,  of  course, 
must  always  be  considered  as  approximations  never  revealing  the  true  contour  in 
detail.  Then,  however,  there  is  no  reason  not  to  proceed  with  a  second  step  of 
approximation  by  replacing  the  contour  obtained  by  a  paraboloid  best  fitted  in  the 
least-squares  sense.  As  noted  in  section  B,  the  analysis  performed  on  this  basis 
yields  average  inclination  errors;  the  average  displacement  errors  occurring  simul¬ 
taneously  may  again  be  replaced  by  fictitious  inclinations.  Therefore,  the  study  has 
primarily  to  consider  the  problem  of  obtaining  enough  detailed  information  in  order 
to  determine  the  form  of  the  higher-order,  approximate  surface  by  both  theory  and/or 
experimentation. 

Radiation  scattering  surface  elements,  distributed  at  random,  such  as  mark-off  (show- 
through)  and  the  like,  probably  can  not  be  handled  on  the  basis  of  theoretical  analysis. 
Sharp  surface  inflections,  certainly,  will  not  be  as  numerous  as  the  random  small- 
scale  deform3tJons.  However,  they  will  be  caused  by  the  petal  design  and  the  unfolding 
process,  and  wne  would  need  more  specific  knowledge  about  them  to  perform  a  success¬ 
ful  analysis. 
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Waviness  may  be  thought  of  as  a  series  of  local  deviations  from  the  reference  segment, 
involving  displacements  along,  and  inclinations  relative  to,  the  theoretical  normals. 
This  waviness  may  be  due  to  the  manufacturing  process  (faulty  tool  masters,  locally 
inducing  thermal  stress  effects  during  evaporation,  etc.)  and,  in  orbit*  to  the  locally 
varying  thermal  stress  caused  by  the  absorption  of  solar  radiation  in  the  surface  pro¬ 
tecting  layer  (silicon  monoxide).  The  particular  wavelets  may  be  distributed  regularly, 
irregularly,  or  even  at  random  over  the  total  area  of  the  disturbed  reflector  segment. 
They  can  certainly  be  described,  however,  by  continuous  equations  of  second  or  higher 
order  (spheres,  ellipsoids,  paraboloids,  catenoids,  sinusoidal  surfaces,  and  the  like), 
and,  therefore,  can  be  considered  to  be  linear  in  character.  Discontinuities  between 
adjacent  wavelets  or  between  a  particular  wavelet  and  a  surrounding  undisturbed  field 
element  are  not  very  likely.  Hence,  Fourier  or  other  series  expansions  are  to  be 
applied  to  describe  the  disturbed  surface  as  a  whole.  These  expansions  are  necessary 
because,  besides  their  distribution,  the  wavelets  may  be  characterized  by  equal  or 
different  wavelengths  (full  length  of  the  "periodicity"  interval)  and  by  equal  or  varying 
maximum  displacements  (amplitude) ;  of  course ,  the  maximum  inclination  at  the  ends 
of  the  full  or  half  interval  of  definition  is  a  function  of  wavelength  and  amplitude. 

The  effect  of  a  single  wavelet  upon  the  image  formation  can  be  regarded  as  that  of  a 
small  optical  element  superimposed  on  the  reference  segment  and  characterized  by 
its  size,  optical  axis,  and  paraxial  focal  point,  i.e. ,  as  a  secondary  small-scale 
reflector  with  properties  which  differ  from  those  of  the  reference  petal.  In  order  to 
determine  this  effect,  it  may  be  sufficient  to  consider  only  the  errors  caused  by  the 
extreme  values  of  displacement  and  inclination.  If  referred  to  the  contour  of  the 
reference  segment,  the  maximum  displacement  (along  the  common  surface  normal) 
is  encountered  at  a  point  where  the  tangential  plane  inclination  angle  of  the  actual 
surface  equals  that  of  the  reference  petal.  That  is,  this  displacement  can  be  regarded 
as  equivalent  to  a  focal  point  dislocation,  and,  therefore,  is  replaceable  by  a  fictitious 
inclination  error,  as  pointed  out  earlier.  The  fictitious  inclination  error,  of  course, 
will  be  larger  at  the  petal  rim  than  at  its  hub.  However,  since  the  maximum  displace¬ 
ments  encountered  in  practice  will  be  very  small  quantities,  the  fictitious  inclination 
error  due  to  waviness  may  almost  always  be  negligible.  The  maximum  inclination 
error,  on  the  other  hand,  is  encountered  at  the  intersection  of  the  wavy  with  the 
reference  surface;  i.e. ,  the  maximum  inclination  error  can  be  considered  equivalent 
to  a  (local)  petal  misalignment,  and,  therefore,  can  be  treated  in  the  manner  outlined 
in  Appendix  II.  This  treatment  results  in  an  error  because  of  the  inclination  between 
the  actual  and  theoretical  normals  accompanied  by  a  fictitious  inclination  error  due 
to  a  focal  point  dislocation.  Because  of  the  small  values  for  the  maximum  inclination 
angles  practically  expected  from  wavy  surfaces,  the  fictitious  error  may  be  negligible. 

To  provide  a  better  insight,  the  relationship  between  maximum  inclination  and  maxi¬ 
mum  displacement  is  established  for  a  sinusoidal  surface  of  regularly  disti’ibuted 
wavelets.  *3  Along  a  meridional  cross-section  through  the  reference  petal,  the 


13.  It  can  be  shown  that,  assuming  equal  amplitudes  and  interval  lengths,  the  sinusoi¬ 
dal  surface  has  a  larger  inclination  angle  at  the  interval  ends  than  the  paraboloidal 
or  catenoidal  surfaces. 
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"sinusoidally  disturbed  surface  may  be  defined  by  the  continuous  wave 

*  *  •  o  nAs 

Ar  =  Ar  sm  2tt - 

n  no  s 


(1) 


where 


Arno  =  amplitude  (maximum  displacement  of  peak  or  trough  from  zero  line) 

s  =  meridional  arc  of  the  reference  petal  between  hub  and  rim 
o 

n  *=  number  of  periods  (wavelets)  per  petal  arc  sq 

As  =  the  (variable)  arc  between  the  petal  hub  and  a  specific  point  on  the 
reference  meridian 


The  value  for  sQ  is  easily  determined  as 
sin  0  /2 


s_  =  f 


m 


,cos  0  / 2 
m 


,  sin  0,/2 

+  sinh  tan  0/2 - 5 -  -  sin  h-i  tan  0,/2  )  (2) 

m  cos20h/2  h 


The  wavelength,  of  course,  is 


Aso  "  so/n 


By  differentiation  with  respect  to  As  ,  one  has 

tan  e  =  2ir  —  Ar  cos  2tt 
w  s  no  s 

o  o 


(3) 


Hence, 


e  -  tan  [  2ir  — 
wmax 


1  —  Ar  \ 

\  so  n7 


Taking  Arno  as  a  parameter,  this  relation  is  illustrated  in  Fig.  22. 


(4) 


If  one  assumes  an  incident  ray  in  the  specified  meridional  plane  of  the  petal,  one  may 
use  the  results  of  Appendix  II,  Eq.  (9) ,  to  describe  formally  the  deviation  of  the 
image  point  from  the  paraxial  focus: 


|_  =  f.  +  £.  tan  ( 0!  +  e.  -  2e  -  e  ) 
*11  '  1  1  w  w7 


nF  =  0 


h  =  0 


(5) 
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w  max 


Figure  22  Maximum  Inclination  Error  of  a  Wavy  Petal  Surface, 

-1 
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Of  course,  the  evaluation  of  Eq.  (5)  becomes  complicated  since  the  normal  inclina¬ 
tion  error  ew ,  the  fictitious  error  ew  representing  the  displacement  effect,  and 
the  actual  zone  angle  6[  are  functions  of  the  real  incidence  point  (f . ,  £i);  the 
coordinates  (fi ,  ?i) ,  in  turn  are  dependent  on  the  three  parameters  defining  the 
incidence  ray,  i.e. ,  on  e*  and  the  coordinates  of  a  fixed  point  in  the  meridional 
plane.  The  evaluation  gets  even  more  complicated  if  points  outside  the  meridional 
plane  are  considered  and/or  if  the  incident  ray  is  defined  by  inclinations  relative  to 
the  optical  axis  of  the  reference  segment  and  to  the  meridional  plane  specified. 

In  summary,  then,  the  treatment  of  every  case  of  interest  can  be  performed  by  apply¬ 
ing  appropriately  the  method  of  analytical  ray  tracing  derived,  on  a  general  basis,  in 
Appendix  I,  if  the  actual  surface  of  a  petal  (or  a  petal  assembly)  is  describabie  in 
detail  (or  approximated  in  the  least-squares  sense)  by  functions  with  at  least  first 
derivatives.  For  this  reason,  the  conclusions  drawn  there  have  a  much  wider  validity, 
and  they  are  applicable  to  any  well-defined  total  angle  of  inclination. 

If  every  particular  angle  of  inclination  encountered  is  positively  measured  in  the 
direction  of  a  rotation  of  the  £-axis  into  the  £-axis  and  7)-axis,  respectively,  properly 
defining  the  total  angle  of  inclination  is  understood  in  the  sense  of  a  summation  over 
the  half -angular  subtense  of  the  solar  disk;  the  mirror  misalignment  error;  and  the 
appropriate  components  of  the  fictitious  inclination  error,  standing  for  the  receiver 
aperature  dislocation  (measured,  like  any  other  displacement,  positive  according  to 
the  orientation  of  the  coordinate  axes  Z  ,  v  ,  £),  the  petal  misalignment  errors,  and 
the  macrodeformation  and  microdeformation  errors. 

The  total  angle  of  inclination  may  be  given  by  an  expression  like 


-2eh- 


-  2cJ  - 


2  e  - 
w 


where 

eg  =  half-angular  subtense  of  apparent  solar  disk 
Ci  =  off-axis  position  of  sun  center 

ea  =  fictitious  inclination  standing  for  receiver  aperture  dislocation 
eh  =  constant  petal  inclination  due  to  misalignment 
ejj  =  fictitious  inclination  due  to  misalignment  standing  for  focal  point 
displacement 

-  locally  variable  petal  inclination  due  to  macrodeformation 
e<j  =  coordinated  fictitious  inclination 
ew  =  locally  variable  petal  inclination  due  to  waviness 
ew  =  correlated  fictitious  inclination 

The  locally  variable  errors  can  be  replaced  by  constant  values  if  the  actual  surface 
is  best  fitted  in  the  least-squares  sense  (fixed  regression  curve). 

It  is  therefore  quite  reasonable  to  refer  to  the  total  error  in  order  to  establish  speci¬ 
fications  for  the  admissible  errors  due  to  petal  misalignment  and  deformation. 
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